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ABSTRACT 
This  report  presents  the  theory o f  the  combined  optimization  problem, w I l i r : I ~  
is the  problem o f  determining  optimal  controls  on  the  basis o f  noisy  measurp- 
ments  on a randomly  disturbed  plant.  Solution o f  this  problem  involves e l r m e r ~ t s  
o f  optimal  control  and  optimal  estimation  and  may  be  reduced  to  the  solution 01' 
two  recursion  relations,  the  control  equation  and  the  estimation  equation. Ut! -  
tailed  discussion o f  an  important  special  case,  the  linear  case is  given and 
examples of  this  and  the  general  case  are  presented. 
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CONTENTS 
ABSTRACT . . . . . . . . . . . . . . . . . . . .  . . . . . . . .  i i i  
L I S T  OF ILLUSTRATIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  v i  i 
L I S T  OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  i x  
SUMMAHY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 
I INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  3 
I1 GENEHAL  THEORY . . . . . . . . . . . . .  
A . P r o b l e m   S t a t e m e n t  . . . . . . . . . .  
1 . N o t a t i o n  . . . . . . . . . . . .  
2 . S t a t e m e n t  o f  t h e   C o m b i n e d   O p t i m a l  
3 . D i s c u s s i o n  . . . . . . . . . . .  
B . C o n t r o l   E q u a t i o n  . . . . . . . . . .  
1 . E m b e d d i n g  . . . . . . . . . . . .  
2 . R e c u r s i o n   R e l a t i o n  . . . . . . .  
3 . D i s c u s s i o n  . . . . . . . . . . .  
4 . O p t i m a l   C o n t r o l  . . . . . . . . .  
C . E s t i m a t i o n   E q u a t i o n  . . . . . . . . .  
1 . R e c u r s i o n   R e l a t i o n  . . . . . . .  
2 . I n f o r m a t i o n   S t a t e  . . . . . . . .  
3 . O p t i m a l   E s t i m a t i o n  . . . . . . .  
D . An A l t e r n a t i v e   V i e w p o i n t  . . . . . .  
. . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . . .  
E s t i m a t i o n   a n d   C o n t r o l   P r o b l e m  . . . .  
. . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . .  
. . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . . .  
111 LINEAR CASE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
A . D e f i n i t i o n  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
B . S o l u t i o n  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
1 . E s t i m a t i o n  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
2 . C o n t r o l  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
3 . D u a l i t y  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
4 . costs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  






1 0  
1 1  
1-7 
1 3  
1 4  
1 4  
1 5  
l b  
1b 
1: 
1 9  




.) . 1 
"
23 
2 5  
IV INFORMATION AND CONTROL . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  "9 
A . U n c e r t a i n t y   a n d   C o n t r o l   S y s t e m s  . . . . . . . . . . . . . . . . . . . . . . .  29 
1 . F e s d b a c k C o n t r o l  . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2 9  
2 . I n f o r m a t i o n   G a t h e r i n g   a n d   P r o c e s a i n g  . . . . . . . . . . . . . . . . . .  3 0  
3 . V a l u e   a n d  U n c e r t a i n t y  . . . . . . . . . . . . . . . . . . . . . . . . . .  30 
B . E x a m p l e s  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  31 
V 
CONTEPI'TS 
\.' C M E R A I  . ('ASK . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
A Dual - ( :ontrol   Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
H . An txample . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C . Approximations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
D . Bounds on Performance . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
\ ! t'0Kt.l. t.SlO8S . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
jPPErVD[.Y d ! D E N T l n  I N V O L V I N G  EXPECTATION . . . . . . . . . . . . . . . . . . . . .  
A P P E N D I . T  R ... 1.1 s ~ . w  (:A>F: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  







6 3  
81 
v i  
ILLUSTRATIONS 




Fig  . 
Fig . 
Fig  . 
Fig  . 
Fig  . 
Fig  . 
Fig  . 
Fig  . 












v-  4 
B- 1 
Combined Control and Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . .  3 
Control  System  Configuration . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 0  
@timalEst imat ion  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  16 
Linear Combined Control and Estimation . . . . . . . . . . . . . . . . . . . . . . .  2 0  
SuboptimalControl . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2 5  
Discret ized  Pos i t ion  Servo . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  32 
Posit ion  Servo . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  3 3  
Estimators  for Case 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  37 
Expected  Entropy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  4: 
Desired  State  Zero . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  50 
Calculat ion  of Minimum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  5-7 
Desired  State  One . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  5 3  
Suboptimal  Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  7-t 
v i  i 

TABLES 
Table IV-1 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  34 
Table IV-2 Transient  Response Y = . . . . . . . . . . . . . . . . . . . . . . . . . . . .  39 
Table V - 1  LogicFunction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  44 
Table V-2 Optimal Pol icy  for Desired  State  Zero . . . . . . . . . . . . . . . . . . . . . . . .  49 




The  present  report  describes  part  ofthe  workperformedby  Stanford  Research 
Institute for the NASA Ames  Research  Center,  Mountain  View,  under 
Contract NAS 2 - 2 4 5 7 .  
Combined  optimal  control  and  estimation  is  synthesis of control  systems 
that  maximize  performance  when  only  noisy  and  incomplete  information  about  the 
state o f  the  plant  to  be  controlled  is  available.  This  problem  contains  ele- 
ments of  both  optimum  control  and  optimum  estimation  theory.  An  exact  solu- 
tion  to  this  combined  problem  is  derived,  and  it  is  shown  that,  with  the  proper 
definitions,  the  optimum  system  consists  of  simply  cascading an optimum  esti- 
mator  with  an  optimum  controller. 
A complete  literal  solution o f  the  problem  is  given f o r  the  special  case 
o f  linear  systems,  Gaussian  noises,  and  quadradic  performance  measures.  Ex- 
amples  are  presented  for  this  case  illustrating  how  the  theory  can  be  used  to 
investigate  the  relation  between  the  characteristics  of  information-handling 
components  and  systems  performance. 
For the  nonlinear  case,  where  literal solution-s do  not  exist, a simple  ex- 
ample  is  presented  to  demonstrate  the  numerical  solution o f  the  recursive 
equations  governing  control  and  estimation.  This  example  also  illustrates 
Feldbaum’s  “dual-control”  concept;  that  is,  the  idea  that  control  action  may 
be  used  to  gain  information  as  well  as  control  the  plant. 
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I I N T R O W C T I O N  
S i n c e  O c t o b e r  1964,  S t a n f o r d  R e s e a r c h  I n s t i t u t e  h a s  b e e n  p e r f o r m i n g  r e s e a r c h  
f o r   t h e  NASA A m e s  R e s e a r c h   C e n t e r ,   M o f f e t t   F i e l d ,   C a l i f o r n i a ,   u n d e r  
C o n t r a c t  NAS 2 - 2 4 5 7 .  
T h e   c e n t r a l   o b j e c t i v e   o f  t h i s  s t u d y  i s  t o  r e l a t e  t h e  p e r f o r m a n c e   o f  a c o n -  
t r o l  o r  g u i d a n c e   s y s t e m   t o   t h e   i n f o r m a t i o n - h a n d l i n g   c h a r a c t e r i s t i c s  o f  i t s  k e y  
c o m p o n e n t s ,   n o t a b l y  i t s  m e a s u r e m e n t   s u b s y s t e m ,  w i t h  t h e  a i m   o f   d e v e l o p i n g   i m -  
p r o v e d   e x a c t   a n d   a p p r o x i m a t e  s y n t h e s i s  t e c h n i q u e s .  I n  t h e   c o u r s e   o f  t h e  s t u d y ,  
i t  b e c a m e   a p p a r e n t   t h a t  a u n i f i e d   t h e o r e t i c a l   f r a m e w o r k   w a s   n e e d e d   t o   h a n d l e  
s u c h   q u e s t i o n s   ( r e f .   1 ) .   O n e   s u c h   f r a m e w o r k  i s  t h e  t h e o r y   o f   o p t i m a l   c o n t r o l  
a n d   e s t i m a t i o n ,   w h i c h  i s  d i s c u s s e d  i n  t h e  p r e s e n t   r e p o r t .  
A m a j o r   d r a w b a c k   t o   o p t i m a l   c o n t r o l   t h e o r y  i s  t h a t  i t  r e q u i r e s   k n o w l e d g e  
o f   t h e   c o m p l e t e   s t a t e   o f   t h e   p l a n t .  I n  c l a s s i c a l   c o n t r o l   t h e o r y - a n d ,   m o r e  
o f t e n   t h a n   n o t ,   i n ' a c t u a l   p r a c t i c e - o n l y   s o m e   o f  t h e  s t a t e   v a r i a b l e s   a r e  
m e a s u r e d .   O p t i m a l   c o n t r o l   t h e o r y   c a n   b e   g e n e r a l i z e d   t o   c o n s i d e r   s u c h  
s i t u a t i o n s - t h e   r e s u l t  i s  t h e   t h e o r y   o f  
c o m b i n e d   o p t i m a l   c o n t r o l   a n d   e s t i m a t i o n  
( s e e  f i g .   1 - 1 ) .   I n   t h i s   p r o b l e m ,  a 
p l a n t  i s  g i v e n   a n d   m e a s u r e m e n t s   o n  t h i s  
p l a n t   a r e   a v a i l a b l e .  I t  is d e s i r e d   t o  
d e t e r m i n e  t h e  i n p u t s   t o  t h e  p l a n t   o n  
t h e   b a s i s   o f   t h e   m e a s u r e m e n t s   i n  a 
m a n n e r  t h a t  o p t i m i z e s  s y s t e m p e r f o r m a n c e .  
T h e   s t o c h a s t i c   a n d   d e t e r m i n i s t i c   o p t i m a l  
c o n t r o l   p r o b l e m s ,   a s  we l l  a s   t h e   o p t i m a l  
e s t i m a t i o n   p r o b l e m ,   a r e   s p e c i a l   c a s e s   o f  
t h e   c o m b i n e d   o p t i m a l   c o n t r o l   a n d   e s t i m a -  




I . I I  
FIG. 1-1 COMBINED  CONTROL  AND 
ESTIMATION 
S i n c e   t h e   c o n d i t i o n a l   p r o b a b i l i t y   d e n s i t y   o f  t h e  s t a t e   s u m m a r i z e s   a l l  i n -  
f o r m a t i o n   p r e s e n t l y   a v a i l a b l e   a b o u t   t h e   f u t u r e   b e h a v i o r  o f  t h e  s y s t e m ,  t h e  
s o l u t i o n  o f  t h e   c o m b i n e d   o p t i m a l   e s t i m a t i o n   a n d   c o n t r o l   p r o b l e m   c a n   b e   d i v i d e d  
i n t o  t w o   p a r t s - c o n t r o l ,   w h i c h  i s  t h e   s e l e c t i o n   o f   t h e   o p t i m u m   i n p u t  t o  t h e  
p l a n t   a s  a f u n c t i o n   o f   t h e   c o n d i t i o n a l   p r o b a b i l i t y   d e n s i t y   o f  t h e  s t a t e  o f  t h e  
3 
p l a n t ,   a n d   e s t i m a t i o n ,   w h i c h  i s  t h e   c o m p u t a t i o n   o f   t h i s   c o n d i t i o n a l   p r o b a b i l i t y  
d e n s i t y .   T h e s e   t w o   a s p e c t s   o f   t h e   p r o b l e m  may b e   s o l v e d  by  means o f  two r e c u r -  
s i v e  e q u a t i o n s :  t h e  c o n t r o l   e q u a t i o n   g e n e r a t e d   b y   d y n a m i c   p r o g r a m m i n g ,   a n d  t h e  
e s t i m a t i o n   e q u a t i o n   g e n e r a t e d   b y   a p p l i c a t i o n  o f  H a y e s '  r u l e .  
I f   t h e  sys t em i s  l i n e a r ,  t h e  r a n d o m   e f f e c t s   G a u s s i a n ,   a n d   t h e   p e r f o r m a n c e  
q u a d r a t i c ,   t h e n   t h e   p r o b l e m   g r e a t l y   s i m p l i f i e s   a n d  t h e  s o l u t i o n  i s  wel l  known 
( r e f s .  2 ,  3 ,  and  4 ) .  I n  t h i s  c a s e ,  t h e  o p t i m a l   c o n t r o l  i s  j u s t  a l i n e a r  f u n c -  
t i o n  o f   t h e   c o n d i t i o n a l  mean o f  t h e  s t a t e  0 1  t h e   p l a n t .   T h i s   l i n e a r   f u n c t i o n  
may b e   f o u n d  L y  s o l v i n g  t h e  o p t i m a l   c o n t r o l   p r o b l e m   u n d e r  t h e  a s s u m p t i o n   t h a t  
t h e   s t a t e  i s  k n o w n .  T h e   c o n d i t i o n a l  mean m a y  b e   g e n e r a t e d  by a l i n e a r   s y s t e m  
w h i c h  i s ,  i n   f a c t ,   t h e   K a l m a n   f i l t e r  (ref. 4). I n  t h e  g e n e r a l  c a s e ,  u n f o r t u -  
n a t e l y ,  a l l  m o m e n t s   o f   t h e   c o n d i t i o n a l   p r o b a b i l i t y   d i s t r i b u t i o n   a r e   n e e d e d   f o r  
t h e   c o m p u t a t i o n   o f  t h e  c o n t r o l  a t  a g i v e n  t ime ;  h o w e v e r ,   a p p r o x i m a t i o n s  may b e  
made  and w i l l  b e   i n v e s t i g a t e d   i n   d e t a i l   i n   f u t u r e  w o r k .  
T h e   b a s i c   r e a s o n   f e e d b a c k  i s  u s e d   i n  c o n t r o l  systems i s  b e c a u s e   t h e r e  
e x i s t s   u n c e r t a i n t y   a b o u t  t h e  p l a n t   o   b e   c o n t r o l l e d .   T h e r e f o r e ,   s e n s o r s   a r e  
u s e d   t o   g a i n   t h i s   m i s s i n g   i n f o r m a t i o n .  E v e n  w i t h   s e n s o r s ,   u n c e r t a i n t y  i s  
p r e s e n t   b e c a u s e   o f  s e n s o r  i m p e r f e c t i o n s ;   h o w e v e r ,   b y   u s e   o f   f i l t e r i n g   t e c h -  
n i q u e s   a n d   c o n t r o l   a c t i o n ,  t h i s  u n c e r t a i n t y  c a n  b e   r e d u c e d  a n d  p e r f o r m a n c e  
c a n   b e   i n c r e a s e d .  
B e c a u s e   o f  t h e  c o s t   o f   m e a s u r e m e n t   a n d   c o m p u t a t i o n ,   o n e   w a n t s   t o  know  how 
c o m p l e x  t h e  t e c h n i q u e s   u s e d   t o   g a i n   f o r m a t i o n   a b o u t  t h e  p l a n t   h a v e   t o   b e   t o  
g i v e   a d e q u a t e   c o n t r o l .  I n t u i t i v e l y ,  t h e  a n s w e r  d e p e n d s   u p o n   t w o   f a c t o r s - h o w  
l a r g e  t h e  u n c e r t a i n t y  a b o u t  t h e  p l a n t  i s  w i t h o u t '   m e a s u r e m e n t  ( L .  e . ,  how l i t t l e  
a p r i o r i  i n f o r m a t i o n  t h e r e  i s )  a n d  how  much v a l u e  i s  g a i n e d   b y   r e d u c i n g  t h i s  
u n c e r t a i n t y .  By c o m p a r i n g   o p t i m a l   p e r f o r m a n c e s  when i d e a l   a n d  w h e n  r e a l  
( n o n i d e a l )   m e a s u r e m e n t   s y s t e m   c o m p o n e n t s  a r e  u s e d ,  t h e s e  q u a l i t a t i v e   c o n c e p t s  
may b e   m a d e   q u a n t i t a t i v e .   T h e   l i n e a r   c a s e ,   f o r   w h i c h  t h e  s o l u t i o n  i s  s i m p l e ,  
p r o v i d e s   a n   e x c e l l e n t   e x a m p l e   f o r   i l l u s t r a t i n g   t h e   v a l u e   a n d   t h e   u n c e r t a i n t y  
a s p e c t s   o f   c o n t r o l   p r o b l e m s .  
S i n c e ,   i n   g e n e r a l ,   t h e r e  a r e  m a n y   w a y s   o f   g e t t i n g   t h e   s a m e   i n f o r m a t i o n  
f o r  a g i v e n   c o n t r o l   p r o b l e m ,   t h e r e  w i l l  a l s o  b e  m a n y  c o n f i g u r a t i o n s  t h a t  g i v e  
t h e  same l e v e l  o f   p e r f o r m a n c e .   C o m b i n e d   o p t i m i z a t i o n   t h e o r y   p r o v i d e s  a m e t h o d  
o f   c o m p a r i n g   a l t e r n a t i v e   c o n f i g u r a t i o n s .   F u r t h e r m o r e ,  i n  m a n y  c a s e s  i t  w i l l  
b e   p o s s i b l e   t o   s i m p l i f y   t h e   c o n t r o l l e r   a n d   e s t i m a t o r   w i t h o u t   d e g r a d i n g   p e r -  
f o r m a n c e .   B e c a u s e  a f i x e d - s t r u c t u r e  system c a n  Le l o o k e d   u p o n   a s  a p l a n t   t o  
b e   c o n t r o l l e d   t h a t  h a s  n o   ' c o n t r o l   i n p u t s ,  t h e  e q u a t i o n s   d e v e l o p e d   f o r   s o l v i n g  
t h e   o p t i m a l   c o n t r o l   a n d   e s t i m a t i o n   p r o b l e m  may b e   u s e d  t o  c a l c u l a t e  t h e  
p e r f o r m a n c e  o f  s y s t e m s  c o n t a i n i n g  s i m p 1  i l i ed  a n d  s u b o p t i m a l  v e r s i o n s  o f  t l r c :  
o p t i m a l   c o n t r o l l e r - e s t i m a t o r .  I n  g c n c t r a l ,  the p r e s e n c e  o f  a p r i o r i  i n l o r m a t i o n  
r e d u c e s   t h e   n e e d   f o r   g a i n i n g   i n f o r m a t i o n   a b o u t   t h e  s y s t e m  and  thus a l l o w s  
s i m p l i f i c a t i o n   o f  t h e  m e a s u r e m e n t  s y s t e m  a n d   c o n t r o l l e r   e s t i m a t o r .  
T h e   a u t h o r   w o u l d   l i k e   t o   e x p r e s s  h i s  g r a t i t u d e  f o r  t h e  m a n y  f r u i t f u l  d i s -  
c u s s i o n s   w i t h  h i s  c o l l e a g u e s ,   J o h n   P e s c h o n ,   R o b e r t   L a r s o n ,   P h i l   M e r r i t t ,  
E d w a r d   F r a s e r ,   a n d  Wade  Foy a t   S t a n f o r d   R e s e a r c h   I n s t i t u t e   a n d  w i t h  
B r a i n   D o o l i n ,   E l w o o d   S t e w a r t ,   R o d n e y   P e e r y   a n d   G e r a l d  S m i t h  o f  A m e s  R e s e a r c h  
C e n t e r .  
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I1 GENERAL THEORY 
In t h i s  s e c t i o n ,   t h e   g e n e r a l   t h e o r y  o f  c o m b i n e d   o p t i m a l   c o n t r o l   a n d   e s t i -  
m a t i o n  i s  p r e s e n t e d .   A f t e r   s t a t i n g   t h e   p r o b l e m ,  we d e r i v e  t w o   r e c u r s i o n  
r e l a t i o n s - t h e   c o n t r o l   e q u a t i o n   a n d  t h e  e s t i m a t i o n   e q u a t i o n ,   w h i c h   t o g e t h e r  
p r o v i d e  t h e  c o m p l e t e   t h e o r e t i c a l   s o l u t i o n   o f   t h e   p r o b l e m .  
A .  PROBLEM STATEMENT 
The p u r p o s e   o f  t h i s  p a r t  i s  t o   s t a t e   m a t h e m a t i c a l l y   t h e   c o m b i n e d   o p t i m a l  
c o n t r o l   a n d   e s t i m a t i o n   p r o b l e m   d i s c u s s e d  i n  g e n e r a l   t e r m s  i n  S e c .  I .  
1 .  N O T A T I O N  
B e f o r e   p r o c e e d i n g   f u r t h e r ,  i t  i s  d e s i r a b l e   t o   d e s c r i b e   b r i e f l y   t h e   n o t a -  
t i o n   u s e d  i n  t h i s  r e p o r t .   T h e   s y m b o l  p ( x / y )  d e n o t e s   t h e   p r o b a b i l i t y   d e n s i t y   o f  
x g i v e n   t h e   v a l u e   o f  y .  S i m i l a r l y ,  E { x / y )  r e p r e s e n t s   t h e   e x p e c t e d   v a l u e  o f  x 
g i v e n  y .  S u b s c r i p t s   i n d i c a t e   t i m e ,  i . e . ,  x k  i s  t h e   v a l u e   o f  x a t   h e  k t h  t i m e  
i n s t a n t .   L o w e r - c a s e   l e t t e r s   a r e   u s e d  f o r  v e c t o r s   a n d   u p p e r - c a s e   l e t t e r s   f o r  
m a t r i c e s .   C o m p o n e n t s   o f   v e c t o r s   a n d   m a t r i c e s   a r e   d e n o t e d  by s u p e r s c r i p t s  i n  
p a r e n t h e s e s ,  i . e . ,  x ( ' )  i s  t h e  k t h  c o m p o n e n t   o f   t h e   v e c t o r  x .  T h e   c a p i t a l  
l e t t e r  11, r e p r e s e n t s   t h e   s e t  ( u k ,  . . . ,  u o )  f o r   a n y   t i m e - d e p e n d e n t   v e c t o r  u , .  
F i n a l l y ,  i n  t h e   i n v e s t i g a t i o n   o f   t h e   l i n e a r   c a s e ,   c i r c u m f l e x e s  ( ) a r e   u s e d   t o  
d i s t i n g u i s h   q u a n t i t i e s   r e l a t e d   t o   e s t i m a t i o n   f r o m   s i m i l a r   q u a n t i t i e s   r e l a t e d   t o  
c o n t r o l .  
A 
2 .  S T A T E M E N T  O F  T H E  C O M B I N E D  O P T I M A L  E S T I M A T I O N  
A N D  C O N T R O L  P R O B L E M  
T h e   s t a t e m e n t   o f   t h e   p r o b l e m  i s  g i v e n  
( 1 )  T h e   p l a n t ,   d e s c r i b e d  by 
x k + l  = f k ( x k > u k > w k )  
where  
x k  i s  t h e   s t a t e   v e c t o r  
u k  i s  t h e   i n p u t   v e c t o r  
wUL i s  t h e   d i s t u r b a n c e   v e c t o r .  
( 2 - 1 )  
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( 2 )  The measurement s y s t e m ,   d e s c r i b e d   b y  
( 3 )  The probability d i s t r i b u t i o n s  
( 4 )  T h e   a s s u m p t i o n   t h a t  w i  and v l  a r e  i n d e p e n d e n t   a n d   w h i t e   a n d   t h a t  
n o  is i n d e p e n d e n t   o f   b o t h  w L  a n d  v i ,  t h a t  i s  
( 5 )  T h e   p e r f o r m a n c e   i n d e x  
N 
J = E 1 Z ( x i , u i , i )  
i = O  
( 6 )  T h e   a d m i s s i b i l i t y   c o n s t r a i n t s  
u i  E R i  
( 2 - 5 )  
F i n d :  
T h e   a d m i s s i b l e   c o m b i n e d   c o n t r o l l e r   a n d   e s t i m a t o r   t h a t   m i n i m i z e s  J ,  w h e r e  
( 1 )  A c o m b i n e d   c o n t r o l l e r   a n d   e s t i m a t o r  i s  d e f i n e d   a s   a n y   a l g o r i t h m  
which  a t  t ime k g e n e r a t e s  u k  a s  a f u n c t i o n  o f  t h e   p r e s e n t   a n d  
a l l   p a s t   m e a s u r e m e n t s  ( z k ,  . . . ,  2,).  
( 2 )  An a d m i s s i b l e   c o n t r o l l e r   a n d   e s t i m a t o r  i s  d e f i n e d   a s   a n y   c o n -  
t r o l l e r  a n d   e s t i m a t o r   w h i c h ,  when u s e d   i n   t h e   c l o s e d - l o o p   s y s t e m  
s h o w n   i n   F i g .  1-1, y i e l d s   a d m i s s i b l e  u i .  
For s i m p l i c i t y   t h e   c o m b i n e d   o p t i m a l   c o n t r o l   a n d   e s t i m a t i o n   p r o b l e m  a r e  
r e f e r r e d  t o  a s  t h e  c o m b i n e d  optinization p r o b l e m  i n   w h a t   f o l l o w s .  
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a .  E X I S T E N C E  O F  S 0 1 , U T I O N  
The stated  problem  has a solution  only i f  there  exist  admissible 
combined  controllers  and  estimators.  Fromtlle  state  and  measurement  equa- 
tions (2-1) and (2-2) and  the  given  probability  distributions,  it is possible 
to  calculate  all of the  conditional  probabilities  needed  to  evaluate J for  any 
admissible  combined  controller  and  estimator. 
b .  O T H E R   T R E A T M E N T S  
Several  special  cases of the  combined  optimization  problem  have  been 
treated  extensively  in  the  past. I f  z k  5 x k ,  then  the  problem  reduces  to  the 
stochastic optimal control problem (ref. 5 ) ;  and, i f  in addition w k  0 ,  then 
the  problem  reduces to the  conventional  optimal  control  problem.  The  optimal 
estimation  problem  results  when f is  independent  of u ;  in this  case u k ,  the 
computer  output, is the  best  estimate of x k  under  the  criteria  provided by J .  
Gunckel  (ref. 2 ) ,  Tou  and  Joseph  (ref, 3 ) ,  and  Kalman  (ref. 4) have 
solved  the  combined  problem  under  the  conditions  that (2-1) and ( 2 - 2 )  are 
linear;  that x , , ,  u h ,  and w h  are  Gaussian;  and  that l ( x h , u h , k )  is  4uadratic. 
Sussman  (ref. 6 )  and Aoki (ref. 7 )  have  considered  the  general  problem  as 
stated  above;  the  development  given  here  was  obtained  concurrently  and  inde- 
pendently and is similar  to  theirs.  Feldbaum  (refs. 8, 9 )  treats  the  same 
problem  in a different,  but entire1.y equivalent,  formulation.  (Section V con- 
tains a demonstration  that  Feldbaum’s  dual-control  problem  and  the  combined 
optimization  problems  are  the  same.)  Lushner  and  Wonham  have  done  considerable 
work  on  the  continuous  time  variant o f  this  problem;  refs. 10 and 19 contain 
bibliographies  listing  their  work  as  well  as  related  work by other  authors. 
C .  R E L A T I O N   T O   T H E   I N F O R M A T I O N   R E Q U I R E M E N T S  
I N   C O N T R O L   S Y S T E M S  
The  typical  control  system, Fig. 11-1, will  contain  such  information 
handling  components  as  sensors,  communications  channels,  and  actuators.  In 
general,  not  only  the  plant,  but  these  devices  also,  include  dynamics  (ref. 1). 
It is a simple  matter  to  treat  such a situation  as a special  case  of  the  com- 
bined  optimization  problem by augmenting  the  state  vector o f  the  given  plant 
with  the  state  variables  governing  the  information  handling  components.  Simi- 
larly,  adaptive  and  learning  control  problems  may  be  treated by augmenting  the 
state  to  include  incompletely  specified  parameters. 
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r - V 
> 
U Y 
CONTROLI.ER I - PLANT - > ACTUATOR . -> 
Y f  
- ' < SENSORS 
V 
T I -  5237-25 
FIG. 11-1 CONTROL SYSTEM CONFIGURATION 
r = command  input, y = sensor  input, y*  = sensor  output, 
w = perturbation,  u = control  decision, v = measurement  noise 
T h e   c o m b i n e d   o p t i m i z a t i o n   p r o b l e m   p r o v i d e s   a n   e x c e l l e n t   f r a m e w o r k   f o r  
e v a l u a t i n g   t h e   e f f e c t s   o f   i n f o r m a t i o n - h a n d l i n g   c o m p o n e n t s   o n   s y s t e m   p e r f o r m a n c e .  
T h e   o p t i m u m   c o m b i n e d   c o n t r o l l e r   a n d   e s t i m a t o r  i s  f i r s t   s y n t h e s i z e d  f o r  i d e a l  
i n f o r m a t i o n - h a n d l i n g   c o m p o n e n t s  ( i . e . ,  f o r  z k  = x k )  a n d   n e x t   f o r   t h e   a c t u a l   c o m -  
p o n e n t s .   T h e   d e g r a d a t i o n   i n   p e r f o r m a n c e  i s  t h e n   o b t a i n e d   b y   c o m p a r i n g   t h e   p e r -  
f o r m a n c e s  f o r  t h e   t w o   c a s e s .   S o m e t i m e s ,  i t  i s  p o s s i b l e   t o  g e t  a n   a n a l y t i c  
e x p r e s s i o n  f o r  p e r f o r m a n c e   a s  a f u n c t i o n   o f   s e n s o r   c h a r a c t e r i s t i c s ,   w h i l e   i n  
o t h e r   c a s e s ,   s i m u l a t i o n   t e c h n i q u e s  a r e  n e e d e d .  By f i x i n g   t h e   d e s i r e d   p e r f o r -  
m a n c e ,   o n e   c a n   s p e c i f y   t h e   s e n s o r   c h a r a c t e r i s t i c s  a s  we l l  a s   t h e   t r a d e - o f f s  
b e t w e e n   s e n s o r   c o n f i g u r a t i o n s .  
I n  S e c .  IV we w i l l  c o n s i d e r ,   i n   d e t a i l ,   t h e   a n a l y s i s   o f   t h e   e f f e c t   o f  
i n f o r m a t i o n - h a n d l i n g   c o m p o n e n t s   o n   s y s t e m   p e r f o r m a n c e .  
R .  CONTROL EQUATION 
T h e   s o l u t i o n   t o   t h e   c o m b i n e d   o p t i m i z a t i o n   p r o b l e m  i s  a s e t  o f   f u n c t i o n s  
I ~ ~ ( Z , , ) ,  u I ( Z , ) ,  , . , , u N f Z N ) ,  R a t h e r   t h a n   f i n d i n g   t h e s e   f u n c t i o n s ,  we p r e f e r   t o  
f i n d   t . h e i r   v a l u e s  f o r  ea( : t l  p o s s i b l e   a r g u m e n t ,   t h u s   r e d u c i n g  a m i n i m i z a t i o n   o v e r  
f u n c t i o n s   t o  a m i n i m i z a t i o n   o v e r   v a l u e s .   T h i s   p r o c e s s  i s  a c c o m p l i s h e d   b y   a p -  
p l i c a t i o n   o f   d y n a m i c   p r o g r a m m i n g .  Two s t e p s   a r p   n e c e s s a r y - f i r s t ,   t h e   g i v e n  
p r o b l e m  i s  embedded i n  a s e r i e s  o f   s i m i l a r   p r o b l e m s   i n   w h i c h   t h e   i n i t i a l  t ime  
i s  n o t   z e r o   b u t   v a r i e s   f r o m  0 t o  N ,  a n d   s e c o n d ,  a r e c u r s i o n   r e l a t i o n  i s  d e v e l -  
o p e d  for s o l u t i o n  o f  t h e  s e r i e s .  
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1. E M B E D D I N G  
To p e r f o r m   t h e   e m b e d d i n g   p r o c e s s ,   c o n s i d e r   t h e  s e r i e s  o f   m o d i f i e d   c o m b i n e d  
o p t i m i z a t i o n   p r o b l e m s   w i t h   t h e   f o l l o w i n g  c o s t  f u n c t i o n s :  
T h e   n e w   p r o b l e m s  may b e   i n t e r p r e t e d   a s   c o m b i n e d   o p t i m i z a t i o n   p r o b l e m s   i n   w h i c h  
t h e  f i r s t  k - 1 c o n t r o l s   h a v e   b e e n   p i c k e d   a r b i t r a r i l y   a n d  f o r  w h i c h  we m u s t   s e -  
l e c t  t h e   r e m a i n i n g   c o n t r o l s   i n   a n   o p t i m a l   f a s h i o n .  
C o n s i d e r  k = N w i t h  
To s o l v e   t h i s   p r o b l e m ,  w e  m u s t   f i n d  
min J, 
U N  ( 2 , )  
( 2 - 9 )  
N o t e   t h a t   s i n c e  J, c o n t a i n s  ZNe1 a n d  U,-l a s   p a r a m e t e r s   t h e  r e s u l t  w i l l  b e  a 
s p e c i f i c a t i o n   o f  u,  a s  a f u n c t i o n   o f  Z, and  U , - l .  
We w i s h .   t o   r e p l a c e   t h e   m i n i m i z a t i o n   o v e r   f u n c t i o n s   ( 2 - 9 )   b y  a m i n i m i z a t i o n  
o v e r   v a l u e s .   I n   A p p e n d i x  A ,  i t  i s  s h o w n   t h a t  
( 2 - 1 0 )  
w h e r e   t h e   s y m b o l   u n d e r  t h e  E i n d i c a t e s   w h i c h   v a r i a b l e   t h e   e x p e c t a t i o n  i s  t a k e n  
w i t h   r e s p e c t  t o .  To m a k e   u s e   o f   t h i s   f o r m u l a ,   t h e   e x p e c t a t i o n  i s  e x p r e s s e d   a s  
a n   i n t e g r a l :  
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~ n i  I I  ,! E { I ( x N ,  u N ,  R )  ! z n ,  2,. , , U N  - } p (  zN/ZN- 1 ,  U N - l  ) d z ,  
I l N (  Z N  1 2 
N I N  
T h e  m i n i m i z a t i o n   o v e r   f u n c t i o n s   h a s   t h u s   b e e n   r e p l a c e d   b y  a m i n i -  
m i z a t i o n   o v e r   v a l u e s .  
t h e n   ( 2 - 1 1 )   b e c o m e s  
( 2 - 1 3 )  
I f   t h e   a n a l y s i s   g i v e n   a b o v e  f o r  k = N i s  r e p e a t e d   f o r   g e n e r a l  k ,  t h e  r e s u l t  i s  
I n  p a r t i c u l a r ,  i f  we c a n   f i n d  I+(Z,,o), t h e n  w e  w i l l  h a v e   s o l v e d   t h e   o r i g i n a l  
p r o b l e m .  
S i n c e  t h e  f i r s t  term o f   t h e   s u m m a t i o n   i n   ( 2 - 1 2 )   d o e s   n o t   d e p e n d   u p o n  ui f o r  
i k ,  ( 2 - 1 2 )  may b e   r e w r i t t e n   [ w i t h   t h e   a i d  o f  ( 2 - 7 ) ] :  
" " 
w h e r e   t h e   a r g u m e n t s   h a v e   b e e n   s u p p r e s s e d   f o r   s i m p l i c i t y .  Note t h a t   b e c a u s e   t h e  
m i n i m i z a t i o n   h a s   b e e n   s p l i t   i n t o  two p a r t s ,  u k  m u s t   b e   a d d e d   t o   t h e   c o n d i t i o n i n g  
v a r i a b l e s ,  i .  e . ,  
min E { F )  min  [min E { F / x } ]  
2 .  Y 2 r 
( 2 - 1 6 )  
I f   ( 2 - 1 4 )  i s  s u b s t i t u t e d   i n t o  ( 2 - 1 5 )  t h e   f o l l o w i n g   r e c u r s i o n   r e l a t i o n  
f i n a l l y   r e s u l t s :  
O l k < N  ( 2 - 1 7 )  
w h e r e   t h e  l a s t  s t e p  i s  p e r f o r m e d   b y   u s e   o f   ( 2 - 1 ) ,   ( 2 - 2 )   a n d   ( 2 - 1 4 )  
3 .  DISCUSSION 
By u s e   o f   ( 2 - 1 2 )   a n d   ( 2 - 1 7 ) ,   t h e   c o m b i n e d   o p t i m a l   c o n t r o l   a n d   e s t i m a t i o n  
p r o b l e m  may b e   s o l v e d  a s  f o l l o w s :  F r o m   ( 2 - 1 2 )  
( 2 -  18 )  
I f   t h e   m i n i m i z a t i o n  i s  p e r f o r m e d   f o r   e a c h   v a l u e   o f   t h e   a r g u m e n t ,  u, c a n   b e   f o u n d  
a s  a f u n c t i o n  o f  ZN a n d  U N - l .  ( T h i s  w i l l  o f   c o u r s e   u s u a l l y   r e q u i r e   q u a n t i z a t i o n  
o f   t h e   v a r i a b l e s . )   T h e   r e s u l t i n g  I * ( - , N )  m a y  b e   s u b s t i t u t e d   i n t o   ( 2 - 1 7 )   a n d  
I*(.,N - 1 )  a n d  u ~ - ~ ( ' )  may b e   f o u n d ,   a n d  so o n .   T h e   r e s u l t  i s  t h e  s e r i e s  o f  
f u n c t i o n s  
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( 2 -  1 9 )  
' I ' l I i s  st . [  01' o p ~ i t n a l  ( ' o l l t  r o l s  d(Ape1lds up011  he p a s t  ( . o r l t r o l s  a s   w e l l   a s   t h e   p a s t  
a n d   p r e s e n t   m e a s u r e m e n t s ;   h o w e v e r ,  by s u b s t i t u t i o n   o f  t h e  f i r s t  e q u a t i o n   i n t o  
t h e   r e m a i n d e r ,  u,, c a n   b e   l i m i n a t e d   a n d  so o n ;   t h e   r e s u l t  i s  a s e t  o f   o p t i m a l  
r o n t r o l s ,   e a c h   b a s e d  on t h e  p a s t .   a n d   p r e s e n t   m e a s u r e m e n t s   a t  t h e  t ime o f  
a p p l i c a t i o n .  
A t  e a c h   s t e p ,   t h e   m i n i m i z a t i o n  i s  p e r f o r m e d   o v e r   o n l y   t h o s e   c o n t r o l s   l e a d -  
i n g   t o   a d m i s s i b l e   v a l u e s   o f  u I  and  x i + l .  I f  a t   a n y   s t e p   n o   s u c h   c o n t r o l  
e x i s t s ,  t h e n  t h e   p r o b l e m  i s  u n s o l v a b l e   a s   f o r n l u l a t e d .  
4. O P T I M A L  C ~ N T R O I .  
I f  z k  = x k ,  t h e n  we h a v e   t h e   o p t i m a l   c o n t r o l   p r o b l e m .   S i n c e   t h e   f u t u r e  
b e h a v i o r   o f   t h e  sys tem i s  g o v e r n e d   o n l y  by x k ,  a n d  f u t u r e  i n p u t s  u I  a n d   d i s -  
t u r b a n c e s  l u i ,  i 1 k ;  t h e  r e c u r s i o n   r e l a t i o n  ( 2 - 1 7 )  becomes  
which  i s  t h e  f u n c t i o n a l   e q u a t i o n  f o r  t h e   s t o c h a s t i c   o p t i m a l   c o n t r o l   p r o b l e m  
d e r i v e d  by B e l l m a n   ( r e f .  5 ) .  I f   n o   d i s t u r b a n c e   i n p u t s  e x i s t ,  t h e n   ( 2 - 2 0 )  
r e d u c e s   t o  
which  i s   t h e   r e c u r s i o n   r e l a t i o n  f o r  t . h e   o p t i m a l   c o n t r o l   p r o b l e m .  
c .  ESTIMATION EQrlATlON 
C a l c u l a t i o n   o f   t . h e   e x p e c t a t i o n s   a p p e a r i n g  ill ( 2 - 1 7 )  a n d   ( 2 - 1 8 )   r e q u i r e s  
knowlpdgr :   o f  p ( x k / Z k , U k - , ) .  I n  th i s  p a r t  w e  w i l l  show how th i s  p r o b a b i l i t y  
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distribution may be  calculated  in a recursive  manner by application of 
Rayes’s  rule. 
1 .  R E C U R S I O N   ELATION 
We  assume  that p ( x k / Z k , ~ k - l )  is known  and  compute p ( x k . + l / z k + l # U k ) ,  from 
i t  and  the  given  probability  distributions.  From  Rayes’s  rule 
( 2 - 2 2 )  
Because u i  is  white  and  because of the  absence of dynamics  in  the  measurement 
equation ( 2 - 2 ) ,  z k + l  is  independent  of  past  measurements  and  inputs  if x k + l  
is  given: 
This  probability  density  may be  calculated  from  knowledge o f  P ( U ~ + ~ )  and  the 
measurement  equation ( 2 - 2 ) .  From the  properties of marginal  distributions 
Again,  from  Bayes’s  rule, 
since  the  present  state  is  independent  of  the  present  input  and  the  next  state 
is independent o f  past  inputs  and  measurements if the  present  state  and  input 
are  given.  From  the  state  equation ( 2 - 1 )  and  from  the  known p ( w k ) ,  
p ( ~ ~ + ~ / x ~ , u ~ )  can  be  calculated.  The  denominator  in ( 2 - 2 2 ) i s  the  integral  of 
the  numerator;  hence  from ( 2 - 2 2 ) ,   ( 2 - 2 3 ) ,   ( 2 - 2 4 )  and ( 2 - 2 5 ) ,  the  following 
recursive  relation  is  finally  obtained: 
( 2 - 2 6 )  
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T h e n  i t  i s  c l e a r   t h a t  t h e  c o n t r o l  u ,  c a n   b e   b a s e d   u p o n  Y ,  r a t h e r   t h a n  2, 
and U , , l .  
Any v e c t o r  Y, w h i c h   s a t i s f i e s  ( 2 - 2 8 )  w i l l  b e   r e f e r r e d   t o   a s   t h e  informa- 
tion s t a t e  of  t h e  s y s t e m .  The r e l a t i o n   b e t w e e n   t h e   i n f o r m a t i o n   s t a t e   a n d   t h e  
c o n c e p t   o f   s u f f i c i e n t   s t a t i s t i c s  i s  a p p a r e n t ;  a s u f f i c i e n t   s t a t i s t i c  f o r  p r e -  
d i c t i n g   f u t u r e   b e h a v i o r   o f  t h e  s y s t e m  i s  a p o s s i b l e   i n f o r m a t i o n   s t a t e .  
I n  some s p e c i a l   c a s e s ,   s u c h   a s  t h e  o p t i m a l   c o n t r o l   p r o b l e m   a n d   t h e   l i n e a r ,  
G a u s s i a n   c o m b i n e d   o p t i m i z a t i o n   p r o b l e m s ,   t h e   d i m e n s i o n   o f  Y ,  may b e   r e a s o n a b l e ;  
h o w e v e r ,  i n  t h e   g e n e r a l   c a s e ,   t h e   m i n i m a l - d i m e n s i o n   i n f o r m a t i o n   s t a t e  i s  
Z k , U k - l ;  h e n c e  i t s  d i m e n s i o n   g r o w s  i n  t ime.  For t h i s  r e a s o n ,   a p p r o x i m a t i o n  
t e c h n i q u e s   f o r   s o l v i n g  t h e  g e n e r a l   p r o b l e m  will b e   r e q u i r e d .   P o s s i b l e   a p p r o x i -  
m a t i o n s  w i l l  b e   c o n s i d e r e d   i n  Sec.  V - C .  
3. O P T I M A L  E S T I M A T I O N  
"k 
? 
PLANT - ESTIMATOR ' Lk  > MEASUREMENT . " > 4 '> Uk = X k  SYSTEM - 
T A - 5 1 3 7 - 1 4  
FIG. 11-2 OPTIMAL  ESTIMATION 
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I f  we i d e n t i f y  u k  a s  b e i n g   t h e   e s t i m a t e  x k  o f  x k ;  t h e n   t h e   p r o b l e m  i s  s e e n  t o  b e  
t h e   o p t i m a l   e s t i m a t i o n   p r o b l e m .  For e x a m p l e ,  x k  m i g h t   r e p r e s e n t  a s i g n a l   a n d  
t h e   m e a s u r e m e n t   s y s t e m  a c o m m u n i c a t i o n ' c h a n n e l .   T y p i c a l l y   t h e   l o s s   f u n c t i o n  
w o u l d   t a k e   t h e   f o r m  
h 
Z ( X k , U k , k )  = 2 * ( X k  - U k , k )  . ( 2- 3 0 )  
K n o w l e d g e  o f '  t h e  c o n d i t i o n a l  p r o b a b i l i t y  d i s t r i b u t i o n  p ( x k / Z k )  i s  s u f f i -  
c i e n t  t o  d e t e r m i n e   t h e   o p t i m a l  e s t i m a t e  g i v e n   a n y   l o s s   f u n c t i o n .   T h e   a p p r o a c h  
t o   o p t i m a l   e s t i m a t i o n   b a s e d   o n   u p d a t i n g   t h e   c o n d i t i o n a l   p r o b a b i l i t y   d i s t r i b u t i o n  
a s   w a s   d o n e   i n   P a r t   C - 1   a b o v e  i s  known a s  t h e   B a y e s i a n   a p p r o a c h   a n d   h a s   b e e n  
s t u d i e d  b y   L e e   ( r e f .   l l ) ,   ( r e f .   1 2 ) ,   a n d   P e s c h o n   ( r e f .  1 3 ) .  
D .  A N  ALTERNATIVE  IEWPOINT 
I n   t h e   a b o v e   f o r m u l a t i o n ,  w e  h a v e   c a l c u l a t e d   t h e   c o n t r o l   a s  a f u n c t i o n   o f  
p a s t   a n d   p r e s e n t   m e a s u r e m e n t s .   H o w e v e r ,   t h e   c o n d i t i o n a l   p r o b a b i l i t y  
~ ( X ~ / Z ~ , C I ~ - ~ )  s u m m a r i z e s   a l l   t h e   i n f o r m a t i o n   a b o u t   t h e   f u t u r e   b e h a v i o r   o f   t h e  
s y s t e m   c o n t a i n e d   i n   t h e s e   m e a s u r e m e n t s ;   t h e r e f o r e ,  
i s  a s u i t a b l e   i n f o r m a t i o n  s t a t e .  I n   t e r m s   o f  P k  
( 2 - 1 8 )   b e c o m e  
, t h e   c o n t r o l   e q u a t i o n s   ( 2 - 1 7 )  
w h e r e  
( 2 - 3 3 )  
S i n c e  P, i s  a f u n c t i o n ,  b o t h  I * (  e ,  k )  a n d  U (  . , k )  w i l l  b e  f u n c t i o n s  o f  
f u n c t i o n s ,  i . e . ,  f u n c t i o n a l s .  I t  may a p p e a r   s i l l y   t o   r e p l a c e   f u n c t i o n s   o f  a 
f i n i t e   ( a l b e i t   g r o w i n g )   n u m b e r   o f   v a r i a b l e s   w i t h   f u n c t i o n a l s ,   w h i c h   a r e   i n  
e s s e n c e   f u n c t i o n s   o f   a n   i n f i n i t e   n u m b e r  o f  v a r i a b l e s .   H o w e v e r ,   i n   c o n s i d e r i n g  
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approximate  techniques  such a procedure  may  prove  useful;  furthermore, i t  re- 
sults i n  separation of the  combined  optimization  problem  into  two  parts: 
(.'ontrol"?'he optimum  inputs  are  found a s  a function of the  con- 
ditional  probability  distribution ~ ( X , / Z ~ , O , - ~ )  by solution o f  
the recursion relation ( 2 - 3 2 ) .  In  general,  this  process i-s 
carried  out a p r i o r i .  
Estimation-The  conditional  probability  distribution  is  updated 
by use of recursion  relation ( 2 - 2 6 ) .  In  general,  this  process 
wil I b e  done  in  real  time. 
Note  that (2-26) will  usually  be  required  to  calculate E[I*(P,+,,k + 1)/ 
I" L , l ' k ] .  I n  the  linear  case  discussed  in  the  next  section  literal  solutions  may 
be obtained  to  the  two  problems.  Section V presents a simple  example o f  how 




I I1 LINEAR CASE 
I n  t h i s  s e c t i o n ,  w e  c o n s i d e r  t h e  i m p o r t a n t   l i n e a r   c a s e  of  t h e   c o m b i n e d  
o p t i m i z a t i o n   p r o b l e m ,  i n  w h i c h  a c o m p l e t e   a n a l y t i c   s o l u t i o n   e x i s t s .  
A. DEFINITION 
The l i n e a r   c a s e  o f  t h e   c o m b i n e d   o p t i m i z a t i o n   p r o b l e m   r e f e r s   t o   t h e   s i t u a -  
t i o n  i n  w h i c h   t h e   f o l l o w i n g   a s s u m p t i o n s   h o l d :  
( 1 )  T h e   p l a n t   a n d   m e a s u r e m e n t   s y s t e m s   a r e   l i n e a r ,  i . e . ,  
( a )  = A , % ,  + B k u k  + w ,  
( b )  z ,  = C , X ,  + u ,  
( 2 )  T h e   p e r f o r m a n c e   i n d e x  i s  q u a d r a t i c ,  i . e . ,  
where  c l ,  c 2 ,  c g  . a r e   c o n s t a n t s   o f   n o   c o n s e q u e n c e   h e r e   a n d   w h e r e :  
A 
Q-,  = a p r i o r i  c o v a r i a n c e  o f  x .  
A 
Q, = c o v a r i a n c e   o f   t h e   d i s t u r b a n c e   a t  time k 
R ,  = c o v a r i a n c e   o f   t h e   m e a s u r e m e n t   n o i s e   a t  time k 




T h v  s o l u t i o n  t o  t h e   c o m b i n e d   o p t i m i z a t i o n   p r o b l e m  in Lhe l i n e a r   c a s e  i s  
w e l l  k n o w n  ( r e f s .  2 ,  3 ,  and 4 ) .  In t h i s  s e c t i o n ,  wc p r e s f : n t   t h e   s o l u t i o n ;  
A p y e r l d i x  B g i v e s  t h e  d e t a i l e d   d e r i v a t i o n .   F i g u r e  1 1 1 - 1  i l l u s t r a t c s   t h e   o p t i -  
1 n ~ 1  s o l u t i o n .  
U 
'> Bk . I' 
L" "-" - - - - - - - - J 
CONTROLLER AND ESTIMATOR TA-5237-15  
FIG. 111-1 LINEAR COMBINED CONTROL AND ESTIMATION 
1 .  ESTIMATION 
T h e   a s s u m p t i o n s   g i v e n  i n  P a r t  A i m p l y  t h a t  ~ ( X ~ / . Z ~ , U ~ - ~ )  i s  G a u s s i a n ;  
h e n c e  i t  i s  s u f f i c i e n t  t o  g i v e   e q u a t i o n s   f o r   u p d a t i n g   t h e   c o n d i t i o n a l  mean  and 
c o n d i t i o n a l   v a r i a n c e .  I n  Append ix  B t h e s e   e q u a t i o n s   a r e   o b t a i n e d  by a p p l i c a t i o n  
o f   t h e   e s t i m a t i o n   e q u a t i o n  ( 2 - 2 6 ) .  T h e . k e y   t o   s o l u t i o n  o f  t h i s  e q u a t i o n  i s  
c o m p l e t i o n   o f   s q u a r e s   a n d   t h e   r e s u l t s   a r e  
- 
X k + l / k + l  = A k x k / k  ' ' k u k  ' K k   + 1   [ ' k + 1  - C k + l ( A k X k  / k  + ' B k u k ) ]  0 < k 5 N 
- - 
X 
o / o  = x. ' K o ( Z o  - C O X O )  (3-5 1 
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w h e r e  
- 
X k / k  E { x k / Z k ,  u k - l }  ( 3 - 8 )  
- 
2 - X k / k ) T ( x k  - 3 / k ) z k # u k - l }  * 
- 
(3-9) 
T h e   f i r s t  two terms o n   t h e   r i g h t   o f  ( 3 - 5 )  r e p r e s e n t   t h e   p r e d i c t i o n   o f  x , + ~ , , + ~  
b a s e d   o n   t h e  e s t i m a t e  x , / ,  o f   t h e   p r e s e n t   s t a t e ;   t h e   l a s t  term r e p r e s e n t s  a 
c o r r e c t i o n   d u e  t o  t h e   d i f f e r e n c e   b e t w e e n   t h e   a c t u a l   m e a s u r e m e n t  L , + ~  a n d   p r e -  
d i c t e d   m e a s u r e m e n t  C,  (A,;,/, + B , u , ) .  Note t h a t  V, i s  i n d e p e n d e n t   o f  Z ,  a n d  
U,; h e n c e ,  i t  may b e   c a l c u l a t e d  a p r i o r i  a n d   t h u s  x , / ,  i s  a s u i t a b l e   i n f o r m a -  
t i o n   s t a t e   f o r   t h e   s y s t e m .  
- 
- 
2 .  C O N T R O L  
A s s u m p t i o n s  ( 1 )  a n d  ( 2 )  i n   P a r t  A i m p l y   t h a t  I *  ( * , k )  i s  q u a d r a t i c   i n  
t h e   c o n d i t i o n a l   e x p e c t a t i o n   o f  x ,  g i v e n   a l l   m e a s u r e m e n t s   a n d   t h a t   t h e   c o n t r o l  
i s  a l i n e a r   f u n c t i o n   o f   t h i s   c o n d i t i o n a l   e x p e c t a t i o n :  
1 * ( z k 9 u k - l , k )  = X - k T / L p k X k / k  f b ,  
- 
( 3 - 1 0 )  
- 
U k ( ' k P u h - 1 9 k )  = - G k x k / k  ( 3 - 1 1  1 
I f  ( 3 - 1 1 )  i s  s u b s t i t u t e d   i n t o   t h e   c o n t r o l   e q u a t i o n  ( 2 . 1 7 ) ,  t h e n  by c o m p l e t i o n  
o f  s q u a r e s ,   i t e r a t i v e   e q u a t i o n s  f o r  P, a n d  b ,  may b e   o b t a i n e d   a n d   i n   a d d i t i o n  
C, f o u n d   a s  a f u n c t i o n   o f  P ,  a n d   t h e   g i v e n   q u a n t i t i e s   ( f o r   d e t a i l s  s e e  Appen-  
d i x  B). 
P ,  = 
P N  = 
' k + i  = 
21 
b ,  = tr[Q,V,l ( 3 -  13 1 
( 3 - 1 4 )  
a n d   w h e r e  t r  [ A ]  o f  a m a t r i x  A m e a n s   t h e  s u m  o f  t h e   d i a g o n a l  t e rms .  
P k  a n d  G 1 ,  a r e   i d e n t i c a l  t o  t h e   m a t r i c e s   r e s u l t i n g   f r o m   t h e   s o l u t i o n   o f  
t h e  l i n e a r ,   q u a d r a t i c ,   d e t e r m i n i s t i c   o p t i m a l   c o n t r o l   p r o b l e m  [ L . e . ,  f r o m  s o l u -  
t i o n  o f  ( 2 - 2 1 )  u n d p r  ( 3 - 1 )  a n d  (3-311.  
3 .  I ~ J A L I T Y  
Kalman ( r e f .  4 )  was f i r s t   o   n o t i c e   t h a ' t ,   m a t h e m a t i c a l l y ,   c o n t r o l  
a n d   e s t i m a t i o n  a r e  e q u i v a l e n t   i n   t h e   l i n e a r   c a s e .   T h i s   e q u i v a l e n c e  i s  n o t  
a p p a r e n t   f r o m   t h e   r e s u l t s   p r e s e n t e d   a b o v e ;   h o w e v e r ,   i f   t h e   e s t i m a t i o n   p r o b l e m  
i s  r e s t a t e d   i n  terms o f  
h 
i n s t e a d   o f   V k ,  we f i n d   t h a t   t h e   e q u a t i o n  f o r  P, i s  
h h 
K k  + 1  = pkc:+l(ck +1'kC:+1 ' i k  1 - l  
T h e   d e t a i l e d   d e r i v a t i o n  o f  t h e s e   e q u a t i o n s  i s  p r e s e n t e d   i n   A p p e n d i x  B. 
( 3 - 1 8 )  
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' k  + 1  
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N 
+ 
- B k  
- Q k  
- R k  
+ ' k  
- ' k + 1  
- ' k  
- 0  ( 3 -  
t h e n  ( 3 - 1 7 )  b e c o m e s   i d e n t i c a l   w i t h  ( 3 - 1 2 )  a n d  ( 3 - 1 8 )  b e c o m e s   i d e n t i c a l   w i t h  
( 3 - 1 4 ) ;   t h e r e f o r e ,   t h e   c o n t r o l   a n d   e s t i m a t i o n   p r o b l e m s  a r e  i n d e e d   m a t h e m a t i  
e q u i v a l e n t   i n   t h e   l i n e a r   c a s e .  
9 )  
a l l y  
T h i s  l a s t  d e r i v a t i o n  i s  n o t   a n   i d l e   e x e r c i s e .   E q u a t i o n s  ( 3 - 6 )  a n d  ( 3 - 7 )  
r e q u i r e   i n v e r s i o n   o f  n X n m a t r i c e s ,   w h e r e  n i s  t h e   o r d e r  o f  t h e   s y s t e m ,   w h i l e  
( 3 - 1 7 )  a n d  ( 3 - 1 8 )  r e q u i r e   i n v e r s i o n  o f  k x k m a t r i c e s ,   w h e r e  k i s  t h e   d i m e n s i o n  
o f  t h e   i n p u t .   S i n c e ,   i n   g e n e r a l ,  k w i l l  b e  l e s s  t h a n  n ,  s o l u t i o n  o f  ( 3 - 1 7 )  a n d  
( 3 - 1 8 )  i s  s i m p l e r   t h a n   s o l u t i o n  o f  ( 3 - 6 )  a n d  ( 3 - 7 )  e v e n   t h o u g h  ( 3 - 6 )  a n d  ( 3 - 7 )  
a p p e a r   t o   b e   s i m p l e r   i n   f o r m .  
We t h u s  s e e  t h a t   i n   t h e   l i n e a r   c a s e , . c o n t r o l   a n d   e s t i m a t i o n   c a n   b e   s o l v e d  
by s o l v i n g   e s s e n t i a l l y   t h e   s a m e   e q u a t i o n .   T h e   a u t o m a t i c   d e s i g n  by c o m p u t e r  o f  
l i n e a r   c o n t r o l   s y s t e m s   b a s e d  on s i m i l a r   e q u a t i o n s  f o r  t h e   c o n t i n u o u s  time c a s e  
h a s   b e e n   t r e a t e d   q u i t e   e x t e n s i v e l y   b y   K a l m a n  ( r e f .  1 4 ) .  
- 
4. COSTS 
I n   A p p e n d i x  B 
e s t i m a t i o n  i s  g i v e n   b y  
J 
i t  'is s h o w n   t h a t   t h e  c o s t  J u s i n g   o p t i m a  
" h N 
= x ~ P o x o  t tr[PoQ-,l t Z 48, 
k = 1  
, 
1 c o n t r o l   a n d  
( 3 - 2 0 )  
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C o n s i d e r  ( 3 - 2 0 )  in g r e a t e r   d e t a i l .  'I'he f i r s t  t w o   t e r m s   r e p r e s e n t  the  
e x p e c t e d   c o s t   d u e   t o  i n i t i a l  c o n d i t i o n s ,   t h e   t h i r d   t e r m   t h e   c o s t  d u e  t o   d i s t u r -  
b a n c e s  a n d  u n c e r t a i n t y  a m u t  t h e   s t a t e  o f  t h e   p l a n t , .   T h e   q u a n t i t y  L,Yk r e p r e s e n t s  
tl le i n c r e m e n t a l   c o s t  of'  o p e r a t i n g   t h e   s y s t e m  f o r  k t h  i n t e r v a l   b e c a u s e  o f  t h e s e  
l a t t e r   e f f e c t s .  From ( 3 - 2 1 )  i t  i s  c l e a r   t h a t ,   i g n o r i n g   i n i t i a l   c o n d i t i o n s ,   t h e  
c o s t   o f   o p e r a t i n g   d u r i n g   t h e  k t h  i n c r e m e n t  i s  t h e  s u m  o f  t w o   t e r m s :   t h e   f i r s t  
r e s u l t i n g  from t h e   d i s t u r b a n c e s   a n d   t h e   s e c o n d   r e s u l t i n g   f r o m   u n c e r t a i n t y   a b o u t  
t h e   s t a t e   o f   t h e   p l a n t .  
E q u a t i o n  ( 3 - 2 1 )  may b e   i n t e r p r e t e d  i n  a n   a l t e r n a t i v e   m a n n e r   a s   f o l l o w s :  
From ( 3 - 1 2 )  
p ; + ]  = + l B k  ( B l P k  + 1 B k  + ) - l B : p k  + l A k  ( 3 - 2 3  
and by u s e  o f  t h e   d e f i n i t i o n   o f  G ,  
and h e n c e  
where  
( 3 - 2 6 )  
u k  e G k x k  / k  = a p p l i e d   c o n t r o l  
u i  9 G k x k  = o p t i m a l   c o n t r o l   g i v e n   t h e   s t a t e  . 
- 
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T h u s   ( 3 - 2 5 )   g i v e s  the  p e r f o r m a n c e   c o s t   d u e  t o  t h e  v a r i a t i o n  o f  t h e  a p p l i e d  
c o n t r o l  from t h a t  w h i c h  i s  t r u l y   o p t i m a l  i n  t e r m s  o f  t h e   a c t u a l   s t a t e  of' t h e  
s y s  tem. 
C .  NON- OPTIMAL  PERFORMANCE 
I n  t h e  p r o c e e d i n g   p a r t ,  w e  h a v e  s e e n  
a n d   e s t i m a t o r   a n d  how t o  c a l c u l a t e  o p t i m a  
t h a t  w e  r a n t   t o   c a l c u l a t e   t h e   p e r f o r m a n c e  
c o m p a r e  i t  w i t h  t h e  o p t i m a l   s y s t e m .  I n  t 
how t o   f i n d  t h e  o p t i m a l   c o n t r o l  l e r  
1 p e r f o r m a n c e .   S u p p o s e ,   h o w e v e r ,  
o f  a s u b o p t i m a l  s y s t e m  i n  o r d e r   t o  
h i s  p a r t ,  we w i l l  show how t h i s  may 
b e   d o n e   u s i n g  t h e  o p t i m a l   t h e o r y   a n d  we w i l l  g i v e   a n a l y t i c a l  r e s u l t s  f o r   a n  
i m p o r t a n t   c l a s s   o f   s u b o p t i m a l   c o n t r o l l e r   e s t i m a t o r s .  
C o n s i d e r   t h e   s i t u a t i o n   s h o w n  i n  f i g .   1 1 1 - 2 .   T h e   o p e r a t i o n   o f  t h i s  s y s t e m  
i s  g o v e r n e d  by 
We w i s h  t o   c a l c u l a t e  t h e  p e r f o r m a n c e  o f  s u c h  a s y s t e m   a s s u m i n g  a c o s t   f u n c -  
t i o n  o f  t h e   f o r m  
r """""" 1 I 
I 
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F i n d  t h e  c o n t r o l l e r   t h a t   o p t i m i z e s   t h e   p e r f o r m a n c e  w h e n  t h e  c o s t  i s  
w h e r e  
For t h e  t i l d e d  sys t em o f   f i g .  1 1 1 - 4  w e  h a v e  
( 3 - 3 0 )  
( 3 - 3 1 )  
w h e r e  by use of  ( 3 - 1 2 )   a n d   ( 3 - 3 0 ) ,   ( 3 - 3 7 ) ,   ( 3 - 3 2 )   a n d   ( 3 - 3 3 )  
e. % 
B u t   s i n c e  uk c a n n o t   a f f e c t  t h e  p l a n t ,  i t  i s  o b v i o u s   t h a t   h e   o p t i m u m  u k  i s  z e r o ;  
t h e r e f o r e ,   t h e   p e r f o r m a n c e  o f  t h i s  o p t i m a l  sys tem i s  i d e n t i c a l  w i t h  t h e  p e r f o r -  
mance   of  t h e  o r i g i n a l   s u b o p t i m a l  sys t em.  T h u s ,  by u t i l i z i n g   t h e   i d e n t i t y  be- 
t w e e n  t h e  systems sitown in f i g .  111-2 ,  i t  h a s   b e e n   p o s s i b l e   t o   d e r i v e   e a s i l y  
( 3 - 3 5 )  f o r  t h e  s u b o p t i m a l   s y s t e m   a n d   t o  p u t  i t  i n  a f o r m a t   s u c h   t h a t   h e  r e s u l t -  
i n g   p e r f o r m a n c e   d e g r a d a t i o n  r a n  
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a n d   i f   t h e   o p t i m a l  Gk is  u s e d ,  t h e n  ( 3 - 3 5 )  a n d  ( 3 - 3 6 )  r e d u c e   ( e x c e p t  for t h r :  
t i l d e s   o n  P a n d  P’)  t o  t h e  p r e v i o u s l y   d e r i v e d   e q u a t i o n s  ( 3 - 1 2 )  and  ( 3 - 2 2 ) .  
T h e   s a m e   p r o c e d u r e   c a n   b e   a p p l i e d   t o   c a l c u l a t e  t h e  p e r f o r m a n c e  o f  any  
s u b o p t i m a l   c o n t r o l  s y s t e m .  Of p a r t i c u l a r   i n t e r e s t  i s  a s y s t e m   w h i c h   a s  t h e  
same  form as  t h e   o p t i m a l  sys t em g i v e n   i n   f i g .  111-1, b u t   f o r   w h i c h  C, and K, 
a r e   n o t   o p t i m a l .  
T o   c a l c u l a t e   t h e   p e r f o r m a n c e   o f   s u c h  a s y s t e m ,  we v i e w  i t  ( i n  a manner  
s i m i l a r  t o   s u b o p t i m a l   c o n t r o l )   a s  a c o m b i n e d   o p t i m i z a t i o n   p r o b l e m  i n  w h i c h  
t h e r e   e x i s t   n o   m e a s u r e m e n t s  o r  c o n t r o l s .   S i n c e   t h e   d e r i v a t i o n   i n v o l v e s   c o n -  
s i d e r a b l e   u n e n l i g h t e n i n g   a l g e b r a ,   o n l y   t h e   r e s u l t  i s  p r o d u c e d   h e r e   ( w i t h  
d e t a i l s  r e l e g a t e d  t o  A p p e n d i x  B ) .  
- -  
J = x T ~ O x O  + t r [ P o ~ o l  + 2 Ap, 
-”- N -  
( 3 - 3 7 )  
( 3 - 3 8 )  
- A ”  
k = 1  
A 
AZk = t r [ P k + l  Qk + PL+lVk + 2K: P;KkRk-2P;KkCkVkJ 
-” 
w h e r e  P ; + l  is  d e f i n e d   i n   A p p e n d i x  B,  and  where 
( 3 - 3 9 )  
( 3 - 4 0 )  
N o t e   t h a t  ( ‘ 3 - 3 7 )  i s  t h e  s a m e   a s  ( 3 - 2 0 ) ,  t h e   a n a l o g o u s   e q u a t i o n  f o r  o p t i m a l  S ~ S -  
t e m s ;   f u r t h e r m o r e ,   i f   o p t i m u m   c o n t r o l  i s  u s e d ,  b u t  n o t   n e c e s s a r i l y   o p t i m u m  
e s t i m a t i o n ,  PLtl  i s  z e r o   a n d  ( 3 - 3 8 )  r e d u c e s   t o  ( 3 - 2 1 ) .  
T h e   l a s t   w o  terms o f  ( 3 - 3 8 )  may be  r e w r i t t e n  
A - 
For o p t i m u m   e s t i m a t i o n  t h e  term ( R k K k  - C k V k )  i s  z e r o ;   h e n c e  ( 3 - 2 1 )  is  v a l i d  
i f   e i t h e r   o p t i m u m   e s t i m a t i o n  o r  o p t i m u m   c o n t r o l ,   b u t   n o t   n e c e s s a r i l y   b o t h ,  i s  
u s e d .   I n   a n y   c a s e ,  ( 3 - 3 7 )  a n d  ( 3 - 3 8 )  t o g e t h e r   w i t h  ( 3 - 3 5 ) ,   ( 3 - 3 6 ) ,   ( 3 - 3 9 1 ,  a n d  
( 3 - 4 0 ) ,  p r o v i d e  a m e t h o d   o f   c a l c u l a t i n g   t h e   p e r f o r m a n c e   o f   a n y   c o m b i n e d   c o n -  
t r o l l e r   e s t i m a t o r   o f   t h e   f o r m   g i v e n   i n   f i g .  1 1 1 - 1 .  
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I V  INFORMATION AND CONTROL 
T h e   p u r p o s e   o f  t h i s  s e c t i o n  i s  t o   s h o w  how c o m b i n e d   o p t i m i z a t i o n   t h r : o r y  car1 
b e   a p p l i e d   t o   a n s w e r   v a r i o u s   p r a c t i c a l   q u e s t i o n s   a b o u t   c o n t r o l   s y s t e m s .  A b r i e f  
s u m m a r y   o f   t h e   p u r p o s e   o f   f e e d b a c k   c o n t r o l  i s  g i v e n ,   f o l l o w e d  by a l i n e a r   e x -  
a m p l e ,   w h i c h   i l l u s t r a t e s   t h e   a p p l i c a t i o n   o f   c o m b i n e d   o p t i m i z a t i o n .  
A .  UNCERTAINTY A N D  CONTROL SYSTEMS 
To s e e  how t h e   f r a m e w o r k   o f   t h e   c o m b i n e d   o p t i m i z a t i o n   p r o b l e m  m a y  b e   u s e d  
t o   i n v e s t i g a t e   t h e   e f f e c t   o f   s e n s o r s   o n   c o n t r o l   s y s t e m   p e r f o r m a n c e ,   w e w i l l   t a k e  
a b r i e f   l o o k   a t   h e   p h i l o s o p h y   b e h i n d   c o n t r o l   s y s t e m s .   F e l d b a u m   ( r e f .  9 )  
p r e s e n t s   a n   e x c e l l e n t   s u m m a r y  o f  t h i s  p h i l o s o p h y   i n   h i s   f i r s t   p a p e r   o n   d u a l  
c o n t r o l .  Many o f  t h e   c o n c e p t s   d i s c u s s e d   h e r e   w e r e   i n s p i r e d  b y  t h a t  p a p e r .  
1. F E E D B A C K  .CONTROL 
I f  w e  knew t h e   e x a c t   s t a t e   o f   t h e   s y s t e m   a n d  i f  we knew a l l   f u t u r e   i n p u t s .  
we c o u l d   s p e c i f y   t h e   c o n t r o l   t o   b e   a p p l i e d   t o   t h e   s y s t e m   a s  a t i m e   f u n c t i o n :  
t h a t  i s ,  we c o u l d   u s e   o p e n - l o o p   c o n t r o l .  3 u t ,  i n  g e n e r a l ,   t h e   i n i t i a l   s t a t e   o f  
t h e   s y s t e m  i s  unknown a p r i o r i ;  f u r t h e r m o r e   t h e   p l a n t  may b e   s u b j e c t   o   u n k n o t r n  
d i s t u r b a n c e s ;   a n d   f i n a l l y ,   t h e   p l a n t   p a r a m e t e r s  may b e   p a r t i a l l y  unknown a n d  
v a r y i n g .   N o t e   t h a t  i f  s u c h   p a r a m e t e r s   a r e   c o n s i d e r e d  a s  s t a t e   v a r i a b l e s ,   t h i s  
l a s t   s o u r c e  o f  u n c e r t a i n t y  i s  e q u i v a l e n t   t o   t h e  f i r s t  t w o .   S i n c e   s u f f i c i e n t  
a priori k n o w l e d g e   a b o u t   t h e   s t a t e   o f   t h e   p l a n t  i s  s e l d o m   a v a i l a b l e ,   s o m e   m e a -  
s u r e m e n t s  m u s t  be  made  on t h e  p l a n t  i n  r e a l   t i m e   t o   g a i n   i n f o r m a t i o n .  T h u s ,  
t h e   n e e d   f o r   f e e d b a c k   c o n t r o l  i s  a r e s u l t   o f   t h e   l a c k   o f  a priori i n f o r m a t i o n  
a b o u t   t h e   s t a t e   o f   t h e   p l a n t :  
I n  a f e e d b a c k   c o n t r o l   s y s t e m ,   s e v e r a l   m e t h o d s   e x i s t   f o r   i m p r o v i n g   t h e  
k n o w l e d g e   o f   t h e   s t a t e   o f   t h e   p l a n t .   N a t u r a l l y   s o m e   s e n s o r s  m u s t  b e   u s e d   t o  
m a k e   m e a s u r e m e n t s   o n  t h e  p l a n t ,   b u t   d u e   t o   s e n s o r   d e f e c t s  i t  wi l l  n o t  i n  g e n e r a l  
b e   p o s s i b l e   t o   d e t e r m i n e   t h e   s t a t e   e x a c t l y   f r o m   t h e s e   m e a s u r e m e n t s .  I n  Ser .  1 1 ,  
e s t i m a t i o n   w a s   d e f i n e d   a s   t h e   d e t e r m i n a t i o n   o f   t h e   c o n d i t i o n a l   p r o b a b i l i t y  
d e n s i t y   o f  t h e  s t a t e .  The  p r o c e s s i n g   o f   t h e   r a w   d a t a   t o   p r o d u c e  a r e a s o n a b l e  
e s t i m a t e   o f  t h e  s t a t e  i s  u s u a l l y   r e f e r r e d   t o   a s  filtering. I n  a d d i t i o n   t o  th i s  
s t r a i g h t f o r w a r d   a p p r o a c h ,  we a l s o   h a v e   t h e   p o s s i b i l i t y   o f   u s i n g   c o n t r o l   a c t i o n  
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m a t e   o f   t h e   s t a t e .   R e m o v i n g   s e n s o r   i m p e r f e c t i o n s  i s  c o s t l y  a n d  t h e  u s e  o f  
c o m p l i c a t e d   f i l t e r i n g   a n d   d u a l - c o n t r o l   s c h e m e s  may b e   v e n  more c o s t l y .  Hot\- 
e v e r ,  we k n o w   f r o m   e x p e r i e n c e   t h a t   a d e q u a t e   c o n t r o l  sys t ems  c a n   b e   d e s i g n e d  
w i t h o u t   u s i n g   t h e   b e s t   p o s s i b l e   s e n s o r s   a l o n g   w i t h   t h e   e x a c t   o p t i m a l   c o n t r o l  
a n d   e s t i m a t i o n   s c h e m e s :   h e n c e ,   t h e r e   a r e   t w o   q u e s t i o n s  we w o u l d   l i k e   t o   a n s a e r :  
( 1 )  Which s t a t e   v a r i a b l e s   s h o u l d   b e   m e a s u r e d   a n d  how w e l l ?  
( 2 )  H o w  c o m p l i c a t e d   n e e d  t h e  c o n t r o l l e r   e s t i m a t o r   b e ?  
3. V A L U E  A N D  U N C E R T A I N T Y  
I n t u i t i v e l y ,   t h e   a n s w e r  t o  t h e  two q u e s t i o n s   p o s e d   a b o v e   d e p e n d s   u p o n   t h e  
amount  o f  a p r i o r i  u n c e r t a i n t y   p r e s e n t   a n d   t h e   v a l u e  o f  r e d u c i n g   t h a t   u n c e r -  
t a i n t y  i n  t h e  f o l l o w i n g   m a n n e r :  
( 1 )  T h e  l e s s  t h e   u n c e r t a i n t y   a b o u t   t h e   p l a n t   c o s t s   i n   d e g r a d e d  
p e r f o r m a n c e ,   t h e  more t h e   u n c e r t a i n t y  may b e   t o l e r a t e d .  
( 2 )  T h e   m o r e  a p r i o r i  i n f o r m a t i o n   p r e s e n t   a b o u t   h e   p l a n t ,  t h e  
l e s s  i n f o r m a t i o n  n e e d  b e  g a t h e r e d .  
S e v e r a l   p o s s i b l e   m a t h e m a t i c a l   a p p r o a c h e s   e x i s t  t o  a n s w e r   t h e   q u e s t i o n s  
g i v e n   i n   P a r t  B. I n f o r m a t i o n   t h e o r y  i s  t h e   q u a n t i t a t i v e   s t u d y   o f   u n c e r t a i n t y .  
U n f o r t u n a t e l y ,   i n f o r m a t i o n   t h e o r y  d o e s  n o t  t e l l  u s  m u c h   a b o u t  how d i f f i c u l t  i t  
i s  t o  g e t  i n f o r m a t i o n  o r  how u s e f u l  t h i s  i n f o r m a t i o n  w i l l  b e   i n  terms o f  r e -  
d u c i n g   o p e r a t i n g   c o s t   o n c e  we h a v e  i t .  H e n c e ,   i n f o r m a t i o n   t h e o r y   b y   i t s e l f  
w i l l   n o t   s o l v e   t h e   w h o l e   p r o b l e m ,   a l t h o u g h  i t ,  may b e   u s e f u l   i n   c o n s i d e r i n g  
s o m e   a s p e c t s .  
I d e a l l y ,   o n e   w o u l d   l i k e   t o   p u t   t h e   c o s t   o f   e s t i m a t i o n   i n t o   t h e   p e r f o r m a n c e  
i n d e x   a n d   t h e n   c o m p u t e   t h e   o p t i m u m   s y s t e m ,   t a k i n g   i n t o   a r c o u n t   t h e   c o s t   o f  
s e n s o r s   a n d   o f   c o m p u t i n g .   M o s t   p e r f o r m a n c e   i n d i c t s s   d o   n o t   i n c l u d e  s u c h  c o s t s  
T h e   a p p r o a c h  w e  w i l l  t a k e  i s  t o  c o n s i d e r  t h e   s o l u t i o n  o f  t h c :  (:omtJirletl 011- 
t i m i z a t i o n   p r o b l e m   i g n o r i n g   t h e   c o s t   o f   s e n s i n g   a n d   c o m p u t i n g .  I r l  s i m p l r .  v a s f . 5 ,  
t h i s  w i l l  p r o v i d e   q u a n t i t a t i v e   a n s w e r s   a b o u t   w h a t   p e r f o r m ' a r l c e   c a n  b e  cxpec:t(:tl 
from s e n s o r s  o f  a g i v e n   q u a l i t y .   I n  more c o m p l e x   c a s e s   t h e   f o r m u l a t i o n   w i l l  
i n d i c a t e   r e a s o n a b l e   a p p r o x i m a t i o n s .  
I n   t h e   l i n e a r  c a s e ,  t h e   i m p o r t a n c e   o f   L o t h   v a l u e   a n d   u n c e r t a i n t y   s t a n d o u t  
c l e a r l y   i n   t h e   s e c o n d  term o f  Afi, i n   ( 3 - 2 1 ) :  
I f  P L + l  i s  l a r g e  ( i . e . ,  i f   t h e   v a l u e   o f   i n f o r m a t i o n  i s  h i g h )  o r  i f  t h e  
a p r i o r i  u n c e r t a i n t y   a b o u t  t h e  s t a t e  i s  l a r g e ,  t h e n  i t  i s  p r o f i t a b l e  t o  u s e  
v e r y   g o o d   s e n s o r s   i n   a n   a t t e m p t   o   i m p r o v e   p e r f o r m a n c e .  On t h e   o t h e r   h a n d ,  ~f 
P l + l  i s  s m a l l   a n d   t h e  a p r i o r i  v a r i a n c e  o f  t h e  s t a t e  i s  s m a l l ,   t h e  u s e  o f  \ e r \  
g o o d   s e n s o r s  w i l l  n o t   i m p r o i e   p e r f o r m a n c e   s i g n i f i c a n t l y .  I n  t h e   n e x t   s e ( . t i o n .  
some e x a m p l e s   a r e   p r e s e n t e d   t o  i l l u s t r a t e  t h i s  f a c t   a n d   t o   d e m o n s t r a t e  h o u  t l ~ e  
g e n e r a l   t h e o r y   o f   S e c .  I 1  may b e   u s e d   t o   a n s w e r   t h e   q u e s t i o n s   p o s e d   i n  
Sec.  IV 2 .  
B .  E X A M P L E S  
I n   t h i s   p a r t ,  we a p p l y   t h e   c o n c e p t s   d e v e l o p e d   i n  t h e  p r e v i o u s   s e c t i o n  t o  
some i l l u s t r a t i v e  e x a m p l e s .   T h e   x a m p l e s   c o n s i d e r e d   a r e   a l l   i n e a r :  h o w r \ t x r .  
s i n c e   t h e   s o l u t i o n   o f   t h e   c o m b i n e d   o p t i m i z a t i o n   p r o b l e m   f o r  t h e  n o n - l i n e a r  c a s e  
c a n   b e   u s e d  t o  t r e a t  s i m i l a r  a n d  more g e n e r a l   n o n l i n e a r   s i t u a t i o n s ,  t h e  r e s u l t s  
s e r v e  n o t   o n l y  t o  show t h e   a p p l i c a t i o n  o f  t h e   c o m b i n e d   o p t i m i z a t i o n   i n   t h e  
l i n e a r   c a s e ,   b u t  t o  i n d i c a t e  i t s  u s e f u l n e s s   i n   t h e   g e n e r a l   c a s e .  
I n   k e e p i n g   w i t h   p r e v i o u s   w o r k ,   t h e   d i s c r e t e  t i m e  c a s e  i s  
e n t i r e l y   a n a l o g o u s   r e s u l t s   c a n   b e   o b t a i n e d  f o r  t h e   c o n t i n u o u s  
d i r e c t l y  o r  b y   u s e  o f  l i m i t i n g   a r g u m e n t s   o n   t h e   d i s c r e t e  t i m e  
t i n u o u s  t ime c a s e  i s  e x t r e m e l y   i m p o r t a n t   i n   t h e   l i n e a r   s i t u a t  i o  
p r a c t i c a l   t o   b u i l d   l i n e a r ,   c o n t i n u o u s - t i m e   c o n t r o l l e r s ;   i n   n o n l  
h o w e v e r ,  i t  i s  l i k e l y   t h a t   d i g i t a l   c o n t r o l l e r s  w i l l  b e   r e q u i r e d  
t i n u o u s  t ime r e s u l t s   a r e  l e s s  i m p o r t a n t   i n   t h e s e   s i t u a t i o n s .  
t r e a t e d .  However .  
t ime  c a s e ,   e i t l l e r .  
c a s e .   T h e   c o n -  
n ,   s i n c e  i t  i s  
i n e a r   s i t u a t i o n s ,  
, a n d   h e n c e  r o n -  
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"k 
FIG. IV-1 DISCRETIZED  POSITION SERVO 
The symbol Z" stands for a unit delay in accordance with customary notation 
We c o n s i d e r  t h e  p r o b l e m  o f  c o n t r o l l i n g  H p l a n t  ( s e e  f i g . T V - 1 )   d e s c r i b e d  by  
w i t h 
A = 6 :I = I . 1  1 0.0052 ( 4 - 3 )  
T h i s  p l a n t  i s  j u s t  the  d i s c r e t i z e d   v e r s i o n  o f  the  s i m p l e   p o s i t i o n   c o n t r o l l e r  
i l l u s t r a t e d   i n  f i g . I V - 2 .  We w i s h  t o  m i n i m i z e  t h e ,  c o s t  
J = Z ( x ; Q x k  + u ; R u k )  , 
a, 
k = O  
where 
( 4 - 4 )  
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w i t h  s t a t i s t i c s  
+ 
1 
FIG. IV-2 POSITION SERVO 
We will a s s u m e   t h a t   h e   s y s t e m   o p e r a t e s   f o r e v e r ;   h e n c e ,   t o   f i n d   t h e  
o p t i m a l   c o n t r o l ,  w e  m u s t  f i n d  t h e  s t e a d y - s t a t e   v a l u e   o f  P by s o l v i n g  
P = M t A ~ P A  - A~PB(B~PB)-'BPA . 
T h e   s o l u t i o n  i s  
= L . 1 6   0 . 1  1 0 . 1 6  
(1-9) 
( 5 - 1 0 )  
A l s o ,  we h a v e  
G = ( B ~ P B - ~ ) B P A  = [ 2 7  10.53  ( 4 - 1 1 )  
L O .  3 8   0 . 1 5 1  
To f i n d   t h e   o p t i m u m   e s t i m a t o r ,  w e  m u s t  s o l v e   t h e   v a r i a n c e   e q u a t i o n   f o r  
V,. Knowing V,, w, c a n   b e   f o u n d  b y  s o l v i n g   ( 3 - 2 1 ) .   T h e   r e s u l t s   o f   s u c h  
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A A 
c a l c u l a t i o n s  f o r  s e v e r a l  d i f f e r e n t  C, Q, a n d  R a r e   g i v e n   i n   t a b l e  I V - 1 .  I t  is  
ass1lme.d t h a t  the  s y s t e m  h a s  b e e n   o p e r a t i n g   i n d e i i n i t e l y  s o  t h a t  s t e a d y - s t a t e  
r i l l  I I V S  o f  C', a r c  f ' o l l n c l .  
Now c o n s i d e r  t,hese e x a m p l e s  i n  m o r e   d e t a i l .   S u p p o s e   t h a t   o r i g i n a l l y  we t r y  
t o  c o n t r o l   t h e   p l a n t  us1.ny  the  m e a s u r e m e n t  system o f   C a s e  1 a n d   t h a t  t h e  p e r -  
for111a11c:e a t , t . a i  ned i s  i ~ ~ i > c I e r l u a t . r .  S e v e r a l  p o s s i  b l  (? mct .hods   ex i  s t  f o r  i m p r o v i n g  
p v r f o r m a n c e .  A r a t e  S C I I S O I '  m a y  b e   a d d e d  ( C a s e  2 ) ,  t h e  sys tem may b e   " i n s u l a t e d "  
t.o recl~lcre t h e  1 e v c . l  o f  r a t e   d i s t u r b a n c e  (C;ase 3 )  o r  the  p o s i t i o n   s e n s o r  may b e  
Inat lr .  more a( ' ( ' l l r .a t . t \  ( ( ;as( ,  ; t ) .  

















C o m p a r i n g   C a s e  3 w i t h   C a s e  4 ,  we see  t h a t  t o  a c e r t a i n   e x t e n t  a p r i o r i  
i n f o r m a t i o n   ( g a i n e d   b y   r e d u c i n g   d i s t u r b a n c e   i n p u t s )   c a n   b e   t r a d e d   o f f  w i t h  
m e a s u r e d   i n f o r m a t i o n   ( g a i n e d   b y   u s i n g   m o r e   a c c u r a t e   s e n s o r s ) .  We a l s o  s e e  from 
c o m p a r i s o n  o f  C a s e  2 a n d   C a s e  4 t h a t  we c a n   f i n d   t r a d e - o f f s   b e t w e e n  t h e  m e t h o d s  
o f   g a t h e r i n g   m o r e   i n f o r m a t i o n ;  f o r  e x a m p l e ,  w e  m a y  a d d   s e n s o r s  o r  we may make 
t h e   p r e s e n t   s e n s o r   m o r e   a c c u r a t e .   I n   a n y   c a s e ,  i t  i s  c l e a r   t h a t  by u s e   o f  
c o m b i n e d   o p t i m i z a t i o n   t h e o r y ,  we c a n   i n v e s t i g a t e   a l t e r n a t i v e   s e n s i n g  systems 
f o r   o b t a i n i n g   t h e  same p e r f o r m a n c e .   C o m b i n e d   o p t i m i z a t i o n   p r o v i d e s  a " f i g u r e  
o f  mer i t "  f o r   c o m p a r i n g   s e n s i n g   s y s t e m s ,   t h e   s t a n d a r d   f o r   c o m p a r i s o n   b e i n g  
t h e  o p t i m u m   p e r f o r m a n c e .  
C:onsider. l l o w  t.he p o s s i l i  l i  t y  o f  s i m p l i  f y i n g  t , h e  s y s t e m  b y  u s i n g  a s u b -  
o p t i m a l   c o n t r o l l e r  e s t i m a t o r .  T h i s  may b e   a c c o m p l i s h e d  i n  two w a y s :  s i m p l i -  
f i c a t i o n   o f  t h e  t ime v a r i a t i o n  o f  t h e  c o n t r o l l e r   e s t i m a t o r  o r  r e d u c t i o n  o f t h e  
n u m b e r   o f   d y n a m i c s  i n  t h e   c o n t r o l l e r   e s t i m a t o r .  We t r e a t  t h e   l a t t e r   p o s s i -  
b i l i t y   f i r s t .  
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I n  C a s e  4 ,  t h e  mean s q u a r e   e r r o r  Y, o f  0 . 0 7  i n  t h e   p o s i t i o n  x ( 1  ’ w i t h   t h c  
o p t i m a l   e s t i m a t o r *  i s  n o t  much s m a l l e r  t h a n  t h e  mean s q u a r e   e r r o r  o f  0 . 1 ,  which  
w o u l d   r e s u l t   f r o m   u s i n g  t h e  u n f i l t e r e d   o u t p u t   o f   t h e   p o s i t i o n   s e n s o r   a s  a n  e s L i -  
m a t e .   T h i s   o b s e r v a t i o n   s u g g e s t s  t h a t  t h e   s t a t e   v a r i a b l e   o f   t h e   e s t i m a t o r  a s s o -  
c i a t e d  w i t h  x l l )  m i g h t   b e   e l i m i n a t e d  w i t h o u t  d e g r a d i n g   p e r f o r m a n c e   s i g n i f i c a n t l y  
S u c h  a p r o c e d u r e   a m o u n t s   t o   r e p l a c i n g  t h e  Kalman f i l t e r ,   w h i c h  i s  t h e   o p t i m a l  
e s t i m a t o r  by a L u e n b e r g e r   o b s e r v e r   ( r e f .   1 5 ) .   T h e   q u a t i o n s   g o v e r n i n g  t h e  
o p t i m a l   e s t i m a t o r   f o r   C a s e  4 a r e  
k 
I f  w e  s e t  
; ( I )  = ( 1 )  
k + l  ‘ k  + 1  
t h e   r e m a i n i n g   e q u a t i o n   b e c o m e s  
X k  ‘ ( * )  + 1  = 0 . 7 8 4 ~ : ”  - 1 . 1 6 2 : ”  + 1 . 1 6 ~ : : ;  + 0 . 0 9 4 ~ ~  





N o t e  t h a t ,  t o  d e l e t e   t h e   s t a t e  
d e f i n e  
w h i c h   o b e y s  
0 0 
- 1 . 1 6   0 . 7 8 4  
-1 0 . 1 1 6  
. O .  1 1 6   1 . 2 7  
v a r i a b l e  a s s o c i a t e d  w i t h  x : ’  ) 
y k  + 1  = 0 . 7 4 8 ~ ~  - 0 . 3 2 z k + ,  + 0 . 0 9 4 ~ ~  . 
, 
( 4 - 1 5 )  
( 4 - 1 6 )  
(4- 1 7 )  
w e  m u s t  
( 4 - 1 8 )  
( 4 - 1 9 )  
* S u p e r s c r i p t a   i n   p a r e n t h e s e s   a r e   u s e d  t o  ind ica te   conponenta  of r e c t o r a .  
35 
( 4 - 2 1 )  
0 . 0 7  0 .  12  
" = [O. 1 2  3 . 0  1 48 = 1 . 1 0  , ( 4 - 2 2 )  
f i  
w h i c h   w e r e   p r e v i o u s l y   o b t a i n e d  f o r  o p t i m a l   e s t i m a t i o n .   N o t e  t h a t  V f o r   t h e  
s u b o p t i m a l   e s t i m a t o r  i s  n o t  much d i f f e r e n t  from V f o r   t h e   o p t i m a l   e s t i m a t o r ;  
f u r t h e r m o r e ,  t h e  c o s t   a s s o c i a t e d  w i t h  u s i n g   t h e   s u b o p t i m a l   e s t i m a t o r  i s  i n -  
c r e a s e d   o n l y   s l i g h t l y   f r o m   1 . 1 0   t o   1 . 1 4 .  
I f ,  i n  C a s e  3 ,  t h e   o p t i m a l   e s t i m a t o r  i s  r e p l a c e d  by a L u e n b e r g e r   o b s e r v e r ,  
a s  w a s   d o n e   f o r   C a s e  4 ,  w e  g e t  
1 0 . 4 5 3  
0 . 4 5 3  0 . 6 7  I v = [  
= 0 . 4 1  + 1 . 4 5  = 1 . 8 6  
( 4 - 2 3 )  
( 4 - 2 4 )  
a s  c o m p a r e d   t o  
0 . 2 9  0 . 1 2  
= [o .  12 
f o r  t h e  o p t i m a l   e s t i m a t o r  
I n  t h i s  c a s e ,   t h e r e  i s  a s i g n i f i c a n t   d e g r a d a t i o n  i n  p e r f o r m a n c e .  T h u s ,  
w h i l e  g a i n i n g  a p r i o r i  i n f o r m a t i o n   ( b y   r e d u c i n g   d i s t u r b a n c e s )  may a l l o w  i m -  
p r o v e d   p e r f o r m a n c e  f o r  a g i v e n   s e n s i n g   s y s t e m ,   t o .   a c h i e v e  t h i s  i m p r o v e d   p e r -  
f o r m a n c e  may r e q u i r e   a n   o p t i m a l   e s t i m a t o r .  
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0.094 
I '  
k 
uk 7 - l  0.094 
TI-5237-19 
/ FIG. IV-3 ESTIMATORS FOR  CASE 




The Wiener a n d  K a l m a n  f i l t e r s   a r e   i d e n t i c . a l ,  i f  t h e   i n i t i a l   u n c e r t a i n t y  
a b o u t  t h e  s t a t e ,   a s   m e a s u r e d  by i t s  v a r i a n c e ,  i s  t h e  same a s  t h e   s t e a d y - s t a t e  
u n c e r t a i n t y .  I n  t h i s  s i t u a t i o n ,  we s t a r t   i n   s t e a d y - s t a t e   o p e r a t i o n .   S i n c e  i t  
i s  r e a s o n a b l e   t o   a s s u m e   t h a t  t h e  Q p r i o r i  u n c e r t a i n t y  i s  a t  l e a s t  a s  g r e a t  a s  
t h e  s t e a d y - s t a t e  u n c e r t a i n t y ,  t h i s  s i t u a t i o n   p r o v i d e s   o n e   e x a m p l e   w h e r e  a p r i o r i  
i n f o r m a t i o n   s i m p l i f i e s  t ime v a r i a t i o n   o f  t h e  o p t i m a l  system f rom w h a t  wou ld   be  
op t imum i f  l i t t l e  a p r i o r i  i n f o r m a t i o n   a b o u t   t h e  i n i t i a l  s t a t e  e x i s t e d .  
T a b l e  I V - I 1  p r e s e n t s   t h e  r e s u l t s  o f   r e p l a c i n g   t h e   K a l m a n  f i l t e r ,  w h i c h  i s  
o p t i m a l ,   w i t h  t h e  Wiener f i l t e r ,   w h i c h  i s  s u b o p t i m a l ,  f o r  C a s e s  1 a n d  4 w i t h  a n  
a p r i o r i  u n c e r t a i n t y   a b o u t   t h e   s t a t e   g i v e n   b y  
( 4 - 2 6 )  
Not ice  t h a t   t h e   p e r c e n t a g e   d e g r a d a t i o n  i s  s o m e w h a t   w o r s e   i n   C a s e  4 ,  t h e  
c a s e   w i t h   t h e   b e t t e r   p o s i t i o n   s e n s o r .   T h i s   r e s u l t  may b e   e x p l a i n e d   b y   t h e   f a c t  
t h a t   i n   C a s e  1 t h e   o p t i m a l   e s t i m a t o r   g a i n  K c h a n g e s   o n l y   f r o m  L O . 5  01 i n i t i a l l y  
t o  [ 0 . 3 7 6  0.4531 f o r   s t e a d y - s t a t e ,   w h e r e a s  f o r  C a s e  2 t h e   o p t i m a l  K c h a n g e s  
from L 0 . 9  01 t o  L0.69 1 . 1 6 1 .  
T h u s ,   C a s e  4 p r e s e n t s   a n   e x a m p l e   w h e r e   t h e   u s e  o f  b e t t e r   m e a s u r e m e n t s  i m -  
p r o v e s   p e r f o r m a n c e ,   b u t   w h e r e   t h e   o p t i m a l   e s t i m a t o r  i s  r e q u i r e d   t o   g e t   t h e   f u l l  
i m p r o v e m e n t .   H o w e v e r ,   i n   b o t h   e x a m p l e s ,   t h e   c o s t  from u s i n g   t h e   W e i n e r   f i l t e r  
is m i n o r .   N e e d l e s s   t o   s a y ,   a s  t ime o f  o p e r a t i o n   i n c r e a s e s ,   t h e   e f f e c t  o f  
i n i t i a l   n o n - o p t i m a b i l i t y   b e c o m e s   l e s s   s i g n i f i c a n t .  
' I ' a  I ,  I C! I v - 2 
TRANSIENT RESPONSE V = [: 1 3  * 
CASE 1 



























O p t i m a  1 
2.09 
1.79 
























V. GENERAL CASE 
I n  t h i s  s e c t i o n ,  lthe s o l u t i o n  o f  the c o m b i n e d   o p t i m i z a t i o n   p r o b l e m  i n  thc 
g e n e r a l   c a s e  i s  c o n s i d e r e d .   D u a l   c o n t r o l ,  L . e . ,  t h e  p o s s i b i l i t y   o f   u s i n g   c o n -  
t r o l   a c t i o n   t o   g a i n   i n f o r m a t i o n ,  now a r i s e s .  A s i m p l e   x a m p l e  i s  p r e s e n t e d   t o  
i l l u s t r a t e  b o t h  t h e  c o n c e p t   o f   d u a l   c o n t r o l   a n d  t h e  n a t u r e  o f  t h e  c o m p u t a t i o n s  
i n v o l v e d   i n   s o l v i n g   t h e   n o n l i n e a r   c a s e .   F i n a l l y ,  w e  d i s c u s s  some p o s s i b l e   a p -  
p r o x i m a t i o n   t e c h n i q u e s   t o   g e t  a p r a c t i c a l l y   f e a s i b l e   s o l u t i o n  o f  t h e  combined  
o p t i m i z a t i o n   p r o b l e m .  
A .  DUAL-CONTROL THEORY 
I t  i s  i n t u i t i v e l y   r e a s o n a b l e   t o   e x p e c t   t h a t  t e s t  s i g n a l s  may b e   u s e d   t o  
g a i n   i n f o r m a t i o n   a b o u t  a p l a n t .   T h e r e f o r e ,  i n  t h e  c o n t r o l   o f  a p l a n t  w i t h  i m -  
p e r f e c t   k n o w l e d g e   o f  i t s  s t a t e ,  t h e  i n p u t  s e r v e s  t w o   p u r p o s e s :   a s  a c o n t r o l  
s i g n a l ,   t o   d r i v e  t h e  p l a n t   o w a r d  i t s  d e s i r e d   s t a t e   a n d ,  a s  a t e s t  s i g n a l ,   t o  
g a i n   i n f o r m a t i o n   a b o u t   t h e   s t a t e   o f  t h e  p l a n t .  We w o u l d   n o t   e x p e c t  i n  g e n e r a l  
t h a t  t h e  i n p u t  w h i c h  p r o v i d e s  t h e  m o s t   i n f o r m a t i o n   w o u l d   b e   i d e n t i c a l  w i t h  t h e  
i n p u t   w h i c h  i s  op t imum  f rom a c o n t r o l   s t a n d p o i n t .   T h e   p r o b l e m   o f   t r a d i n g  o f f  
t h e s e   t w o   u s e s   o f   a n   i n p u t  i s  known a s   t h e  dual-control p r o b l e m  ( r e f s .  8 ,  9 ) .  
I n  h i s  p a p e r s   o n   d u a l   c o n t r o l   ( r e f s .  8 ,  9 )  Feldbaum c o n s i d e r s  a s i t u a t i o n  
s i m i l a r   t o   t h a t   o f  t h i s  memorandum.  However ,  h e  a s s u m e s   t h a t   h e   d i s t u r b a n c e  
a n d   n o i s e   i n p u t   p r o b a b i l i t y   d i s t r i b u t i o n s   c o n t a i n   u n k n o w n   p a r a m e t e r s .  
I t  i s  c l e a r   t h a t   t h e   p r o b l e m   c o n s i d e r e d   h e r e  i s  a s p e c i a l   c a s e   o f  
F e l d b a u m ’ s   p r o b l e m ,   s i n c e  t h e  d i s t r i b u t i o n  p ( x , ) ,  p ( w , ) ,  p ( u , )  a r e   a s s u m e d  
known. On t h e   o t h e r   h a n d ,   i f   t h e   s t a t e   o f  t h e  p l a n t  i s  a u g m e n t e d   t o   i n c l u d e  
t h e  u n k n o w n   p a r a m e t e r s ,   F e l d b a u m ’ s   p r o b l e m   b e c o m e s  a s p e c i a l   c a s e   o f   t h e  com- 
b i n e d   o p t i m i z a t i o n   p r o b l e m .   T h u s   t h e   t w o   p r o b l e m s   a r e   s l i g h t l y   d i f f e r e n t   f o r -  
m u l a t i o n s   o f   t h e   s a m e   b a s i c   p r o b l e m .  The a p p r o a c h   t o   a d a p t i v e   c o n t r o l ,  i n  
w h i c h   t h e   u n k n o w n s   a r e   t r e a t e d   a s   p a r a m e t e r s ,   a p p e a r s  to b e   m o r e   s y s t e m a t i c .  
F u r t h e r m o r e   t h e  u s e  o f  a r e c u r s i o n   r e l a t i o n   t o   c a l c u l a t e   c o n d i t i o n a l   p r o b a b i l -  
. i t i e s  i s  a s i g n i f i c a n t   i m p r o v e m e n t   o v e r   t h e   m e t h o d   u s e d  by Feldbaum. 
M a t h e m a t i c a l l y ,   t h e s e   c o n c e p t s   c a n   b e   i l l u s t r a t e d   a s   f o l l o w s :  Le t  
I ( x , , k )  b e   t h e   p e r f o r m a n c e   o f  a p l a n t  when c o n t r o l l e d   o p t i m a l l y ,   a n d   u s i n e  
e x a c t   k n o w l e d g e   o f   t h e   s t a t e .   T h e n  i t  is r e a s o n a b l e   t o   d e f i n e   t h e   i n p u t  u,, C 
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f o r m a t i o n   s t a t e   a s   d e f i n e d   i n   P a r t  1 1 - C - 2 .  On t h e   o t h e r   h a n d ,   i f  U ( u k , Y k , k )  is. 
the  e x p e c t e d   u n c e r t a i n t y   a b o u t   x k +  w h e n  t h e  i n p u t  u k  i s  a p p l i e d ,  then t h e  i n -  
p u t   w h i c h   i s   o p t i m a l   f r o m   a n   i n f o r m a t i o n   p o i n t   o f  v i e w  i s  g i v e n  by 
I n  g e n e r a l  
S i n c e   i m p r o v e m e n t  i n  i n f o r m a t i o n   a b o u t   t h e   p l a n t  may a l l o w  u s  t o  make b e t -  
t e r   c o n t r o l   c h o i c e s  i n  t h e  f u t u r e ,  t h e   i n p u t  u :  w h i c h  i s  t r u l y  o p t i m a l ,  w i l l  
be a c o m p r o m i s e   b e t w e e n  u f  a n d  u i .  C o m b i n e d   o p t i m i z a t i o n ,   w h i c h   i n c l u d e s   b o t h  
c o n t r o l   t h r o u g h   t h e   r e c u r s i o n   r e l a t i o n   d e r i v e d  by   dynamic   p rog ramming ,   and  
e s t i m a t i o n   t h r o u g h  t h e  r e c u r s i o n   r e l a t i o n   d e r i v e d  by u s e   o f   B a y e s ’   r u l e ,  w i l l  
p r o v i d e   t h a t  i n p u t  w h i c h   c o n s t i t u t e s  t h e  o p t i m a l   t r a d e - o f f   b e t w e e n   t h e   c o n t r o l  
a n d   i n f o r m a t i o n a l   a s p e c t s .  
H’e h a v e   n o t   y e t   d e f i n e d   t h e   f u n c t i o n  U ,  w h i c h  i s  u s e d   t o   m e a s u r e   t h e   e x -  
p e c t e d   u n c e r t a i n t y .  One p o s s i b i l i t y  i s  t o   u s e   t h e   e n t r o p y  H ( x k , Y k , k )  o f   t h e  
c o n d i t i o n a l   p r o b a b i l i t y   d i s t r i b u t i o n   a n d   t o   d e f i n e  II a s  
6 
w h e r e  
A s e c o n d   p o s s  
U ( u  
i b i l i t y  i s  t o   d e f i n e  
* 
w h e r e  I i s  t h e  m i n i m u m  c o s t  i n  t h e  c a s e   o f   i n c o m p l e t e   k n o w l e d g e   a b o u t   h e  
s t a t e .   I f   t h e r e  i s  n o   u n c e r t a i n t y   a b o u t   h e   s t a t e ,   t h e n  U ( u k , Y k , k )  r e d u c e s   t o  
z e r o   f o r   b o t h   d e f i n i t i o n s   o f  U ;  f u r t h e r m o r e ,   i f  u J  = u c  f o r   t h e  u d e f i n e d  i n  
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( 5 . 5 1 ,  t h e n  u c  i s  t h e   o p t i m a l   i n p u t ,   s i n c e  
= m j n   E { [ l ( x k , u k  
k ( 
T h i s   p r o p e r t y   d o e s   n o t   n e c e s s a r i l y   h o  1 
h a n d ,   t h e   e n t r o p y   c a n   b e   c a l c u l a t e d   w i t h o u t   s o l v i n g   t h e   c o m b i n e d   o p t i m i z a t i o n  
p r o b l e m .   T h i s  i s  s i g n i f i c a n t ,   s i n c e  w e  w i s h  t o  c a l c u l a t e  u :  a n d  u :  a s  a n   a i d  
t o  s o l v i n g   t h e   c o m b i n e d   p r o b l e m .  
For a l i n e a r   s y s t e m  
i s  i n d e p e n d e n t   o f  u k ,  w h i c h   a f f e c t s   o n l y   t h e   c o n d i t i o n a l  mean o f  x ,  f o r  L > k .  
T h u s ,   i n   t h e   l i n e a r   c a s e ,   t h e   o p t i m u m   c o n t r o l  u ( :  i s  u f .  We w i l l  now p r e s e n t  a 
s i m p l e   e x a m p l e   i n   w h i c h  u ( :  d o e s   n o t   e q u a l  u f .  
B. A N  EXAMPLE 
S i n c e  w e  a r e   f o r c e d  t o  c o n s i d e r  a n o n l i n e a r   e x a m p l e  t o  i l l u s t r a t e  d u a l  
c o n t r o l ,  w e  w i l l  c o n s i d e r   d i s c r e t e   s t a t e   s y s t e m s  ( i . e . ,  s y s t e m s   w h i c h   a t   a n y  
t ime a r e   i n   o n e   o f  a f i n i t e   n u m b e r   o f   d i s c r e t e   s t a t e s ) .   I n   s u c h  systems,  t h e  
c o n d i t i o n a l   p r o b a b i l i t y   d e n s i t y   c o n s i s t s   o f   i m p u l s e s   a t   t h e   v a r i o u s   s t a t e s .  
T h i s   d e n s i t y   c a n   b e   r e p l a c e d   b y  a p r o b a b i l i t y  v e c t o r  g i v i n g   t h e   c o n d i t i o n a l  
p r o b a b i l i t i e s   t h a t   t h e   s y s t e m  i s  i n  a g i v e n  s t a t e .  T h e   f o r m u l a t i o n   g i v e n   i n  
Sec.  I1  i s  s t i l l  v a l i d   e x c e p t   t h a t   s u m m a t i o n s   r e p l a c e   i n t e g r a t i o n s   i n   t h e  
a p p r o p r i a t e   p l a c e s .   T h e   d i s c r e t e  s t a t e  c a s e  h a s   a l s o   b e e n   c o n s i d e r e d   b y  Astrom 
( r e f .   1 6 )  who p r e s e n t s   o t h e r   e x a m p l e s .   T h e   a d v a n t a g e   o f   d i s c r e t e  s t a t e  s y s t e m s  
i s  t h a t   t h e   p r o b a b i l i t y   v e c t o r  i s  a n o n g r o w i n g   f i n i t e   d i m e n s i o n a l   i n f o r m a t i o n  
s t a t e .  
C o n s i d e r  a p l a n t   w i t h   t w o   s t a t e s  ( 0  a n d   1 )   a n d  two i n p u t s  ( 0  a n d  1 )  a n d  
whose  s t a t e  e q u a t i o n  i s  
x k +  1 = X k  0 U k  ( 5 - 9 )  
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T a b l e  V - 1  
LOGlC FUNCTIONS 
Exclusive CR AM 
The  measurement  systems  is  given by 
where is the logical "AND" function shown in Table V-1, and where 
In  this  example,  the  conditional  probability  distribution  can  be  described by 
two  numbers:  the  conditional  probability  that x k  is zero  and  the  conditional 
probability  that x k  is  one.  Since  these  two  numbers  must  add  up  to  one, a suit- 
able  information  state  is 
The  recursion  relation  for p k  obtained  from  the  estimation  equation ( 2 - 2 7 )  
takes  the  form ( 5 - 1 3 ) .  The  calculations  may be divided  into  three  cases: 
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I f  U k  = 0, Z k  + 1  = 0, t h e n  
h e n c e ,  
( 5 - 2 0 )  
If U k  = 1 ,  z k + l  = 0,  t h e n  by s i m i l a r   c a l c u l a t i o n s  (or by   symmet ry )  
( 1  - a ) ( l  - P ‘ )  
- 1 .  ( 5 - 2 2 )  p k + 1  - 
N o t e   t h a t ,   i f   t h e   o u t p u t  i s  ever  1, t h e n  we h a v e   p e r f e c t   k n o w l e d g e   o f   t h e   s t a t e  
o f   t h e  sys t em.  
Now we p r o c e e d   t o   c a l c u l a t e   t h e   e x p e c t e d   e n t r o p y   a t  time k + 1 f o r  u k  = 0 
a n d   f o r  u k  = 1. I f  uk = 0 a n d  z k + l  = 0 t h e n  
( 5 - 2 3  
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I t '  u k  = 0 a n d  z k + l  = 1 
T h e r e f o r e ,   i f  u k  = 0,  U may b e   f o u n d   b y   m u l t i p l y i n g   t h e   r i g h t   s i d e  o f  ( 5 - 2 2 )  by 
t h e  Pr  ( z k  + 1  = O / u k  = O,pk 1, w h i c h  i s  (1 - u p k  ) :  
By s y m m e t r y ,  w e  h a v e  
- u ( l , p k , k )  = - U ( o , l  - p k , k )  
= ( 1  - a ) ( l  - p , )  l o g  ( 1  - a ) ( l  - pk ' pk l o g  pk 
- [ l  - a ( l  - p , ) 1  l o g  [1 - a ( l  - P k ) l  . ( 5 - 2 6  
( 5 - 2 8 )  
T h i s   r e l a t i o n   h o l d s  f o r  a n y  0 < a < 1. For  t h e   b o u n d a r y  c a s e s  o f   n o   m e a s u r e m e n t  
( a  = 0 )  a n d   p e r f e c t   m e a s u r e m e n t  ( a  = 1 1 ,  we f i n d  U ( O , p , , k )  = U ( l , p k , k ) .  I n  
f i g .  V - 1 ,   t h e   e n t r o p y  H ( p k , k )  i s  a l s o  p l o t t e d ;   n o t e   t h a t   t h e   e x p e c t e d   e n t r o p y  
a t   t h e   n e x t  s t a t e  i s  l e s s  t h a n   t h e   p r e s e n t   e n t r o p y  f o r  b o t h   c o n t r o l s .   A g a i n  
t h i s   r e l a t i o n s h i p   h o l d s   f o r   a n y  0 < a < 1, w i t h   t h e   t h r e e   c u r v e s   c o i n c i d i n g  
f o r  a = 0 a n d  a = 1 .  
I f  o u r  d e s i r e  i s  t o   h a v e   t h e   s y s t e m   i n  s t a t e  z e r o ,   t h e n  i t  i s  r e a s o n a b l e  
t o   p i c k  
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FIG. V-1 EXPECTED  ENTROPY 
C o m p a r i n g  ( 5 - 2 8 )  a n d  ( 5 - 2 9 ) ,  we s e e  t h a t   i n   t h i s   s i t u a t i o n  u i  = uf a n d   t h e  
p r o b l e m  o f  d u a l   c o n t r o l   d o e s   n o t   e x i s t .  On t h e   o t h e r   h a n d ,   i f  our d e s i r e  i s  
t o  h a v e   t h e   s y s t e m   i n   s t a t e   o n e ,   t h e n  
I n   t h i s   s i t u a t i o n  uf # u:; t h e r e f o r e ,  w e  w o u l d   e x p e c t   t h a t   t h e r e   e x i s t  c o s t  
f u n c t i o n s   a n d   i n f o r m a t i o n  s t a t e s  p k  f o r   w h i c h  u: i s  u s e d   r a t h e r   t h a n  u k .  c 
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To i l l u s t r a t e  t h e s e  s i t u a t i o n s ]  we w i l l  s e t  a e q u a l   t o  1 / 2  a n d  N e q u a l  
t o  2 a n d   f i n d  t h e  o p t i m a l   p o l i c y  when t h e   c o s t   o f   b e i n g   i n   t h e   u n d e s i r e d   s t a t e  
i s  1 f o r  k < N a n d   1 0   f o r  k = N. C o n s i d e r   f i r s t   t h e   c a s e   w h e r e   t h e   d e s i r e d  
s t a t e  i s  z e r o .  For t h i s  c a s e   t h e   c o s t  is 
T h e   o p t i m a l   p o l i c y  i s  f o u n d  by a p p l y i n g  t h e  c o n t r o l   e q u a t i o n   ( 2 - 3 1 ) .  
1 * ( p 2 , 2 )  = m i n  ~ t l ~ x , )  = l o p ,  . ( 5 - 3 2  1 
u 2  
T h e   c h o i c e   o f  u 2  i s  a r b i t r a r y :  a r e a s o n a b l e   c h o i c e  i s  u ;  = u c .  A s e c o n d  
a p p l i c a t i o n   o f  t h e  c o n t r o l   e q u a t i o n   y i e l d s  
Etp2/p1#U1 = 1) = 1 - p 1  
T h e r e f o r e   t h e   o p t i m a l   i n p u t  u ;  
1 
u 1  = 0 p1 '; 
1 
u 1  = 1 p1 ' 
a n d  
I * ( P , , l )  = l l p ,  P1 < T  1 
1 
2 
= p 1  + lO(1 - p l )  p 1  ' - . 
( 5 - 3 3  
( 5 - 3 4 )  
( 5 - 3 5 )  
( 5 - 3 6  1 
( 5 - 3 7 )  
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T a b l e  V- 2 p r e s e n t s   t h e   r e s u l t s   o f   c o m p l e t i n g   t h e   c a l c u l a t i o n s  of  t h e  
o p t i m a l   p o l i c y  i n  a s i m i l a r   m a n n e r .   N o t i c e   t h a t  i n  a l l   c a s e s  
up = u: = U k  c
Table .V-2 
OPTIMAL POLICY FOR DESIRED STATE 0 
( 5 - 3 8 )  
T h e s e   r e s u l t s   a r e   p r e s e n t e d   g r a p h i c a l l y  i n  f i g .  V - 2 .  
N o w  c o n s i d e r   t h e   c a s e   w h e r e   t h e   d e s i r e d   s t a t e  i s  o n e ;  i n  t h i s  c a s e  
l ( x k , u k , k )  = ( 1  @ z k )  k c 2  
= lO(1 @ X k )  k = 2  ( 5 - 3 9 )  
A g a i n   t h e   c o n t r o l   e q u a t i o n  i s  u s e d  t o  f i n d   t h e   o p t i m a l   p o l i c y ,   w h i c h  i s  g i v e n  
i n  t a b l e  V -  3 A s  a n   e x a m p l e   o f   t h e s e   c a l c u l a t i o n s ,   c o n s i d e r  k = 0. 
I * ( ~ , , o )  = min ~ t [ ( 1  + x o )  + ~ * ( p ~ , l ) ~ / p ~ , u ~ }  
Y O  
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FIG. V-2 DESIRED STATE ZERO 
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T a b l e  V - 3  













2 + 3 p 0  - <  p o  <; 
1 6 








1 P 1 < -  
1 
2 
0 P I > -  
2 
S i n c e  f o r  u o  = 0 and z o  = 0, p 1  < 1 / 2  i f  p o  < 1 / 3 ,  we h a v e  from ( 5 - 1 0 )  and 
( 5 - 2 2 ) :  
n 
= 1 1 ( 1  - P o )  2 Po ' 3 
5 1  
I 
= 5  
These two f u n c t i o n s   a r e   p l o t t e d   i n  f 
t h e r e   e x i s t s  a r e g i o n   a b o u t   t h e   o r i g i n   i n  
I n   f a c t  




FIG. V-3 CALCULATION OF 
MINIMUM 
- 4 p 0  
1 
P o  3 
1 
3 
> -  ( 5 - 4 2 )  
ig .  V - 3 ,  f r o m   w h i c h  i t  i s  o b v i o u s   t h a t  
w h i c h  u’ i s  a p p l i e d   r a t h e r   t h a n  u c .  
1 1 
7 
= o  - < P o < ?  
1 6 
2 
= 1  - < P o C ?  
6 
7 
= o  - <  ( 5 - 4 3 )  
T h e   e x p l a n a t i o n   f o r   t h e s e   r e s u l t s  i s  s i m p l e .  
B e c a u s e   t h e r e  i s  a v e r y   h i g h   c o s t   f o r   b e i n g  
i n   t h e   w r o n g   s t a t e   a t  Time 2 ,  i t  i s  i m p o r t a n t  
t h a t   t h e   p r o p e r   i n p u t  i s  u s e d   a t  Time 1. 
T h e r e f o r e ,   i f   a t  Time 0 t h e   u n c e r t a i n t y  i s  
l a r g e  ( p L  i s  n e a r   1 / 2 )   t h e n  i t  p a y s  t o  u s e  
t h e   c o n t r o l   t h a t   r e d u c e s   t h i s   u n c e r t a i n t y  
mos t. 
F i g u r e  V-4 p r e s e n t s   t h e s e   r e s u l t s   g r a p h i c a l l y   w i t h   t h e   s c a l e   r e v e r s e d   f o r  
e a s y   c o m p a r i s o n   w i t h   f i g .  V - 2 .  S u c h   c o m p a r i s o n   i n d i c a t e s   t h a t   i n   g e n e r a l ,  
when u c  # u l ,  w e  c a n  e x p e c t  a h i g h e r  c o s t  t h a n   w h e n  u c  = u I . 
B a s e d   u p o n   t h i s   e x a m p l e ,  we c a n   c o n c l u d e   t h a t   t h e r e   e x i s t  c a s e s  w h e r e   t h e  
i n p u t   t h a t   p r o v i d e s   m o s t   i n f o r m a t i o n   d i f f e r s   f r o m   t h e   i n p u t   t h a t  i s  o p t i m a l  
f r o m   a n   i m m e d i a t e   c o n t r o l   p o i n t  o f  v i e w .   I n   t h e s e  c a s e s ,  t h e   o p t i m a l   p o l i c y  
i s  a c o m p r o m i s e   b e t w e e n   g a i n i n g   i n f o r m a t i o n   a n d   b r i n g i n g   t h e   p l a n t  t o  i t s  
d e s i r e d   s t a t e .   I n   g e n e r a l  w h e n   s u c h  a c o m p r o m i s e  m u s t  b e   m a d e ,  t h e  c o s t  i s  
h i g h e r   t h a n  f o r  a n a l o g o u s   c a s e s   w h e r e   t h e   c o m p r o m i s e  i s  n o t   n e c e s s a r y .  
52 
I 






1.0 0.8 0.6 0.4 0 .2  0 
'k 
TA- 5237-23 
FIG. V-4 DESIRED STATE ONE 
53 
'1'0 s o l v r  the two r e c u r s i o n   r e l a t i o n s   ( 2 - 1 7 )   a n d   ( 2 - 2 6 )  f o r  t h e   c o m b i n e d  
o p t i l l l i z a t i o r ~ ,  a d i g i t a l   c o m p u t e r  w i l l  u s u a l l y  be r e q u i r e d   i n   t h e   n o n l i n e a r  
c a s e ,  i r ~  wlliclr c a s e   t h e   v a r i a b l e s   w i l l   h a v e   t o  l e  q u a n t i z e d .  To g e t  some i d e a  
o f  t h e  c o m p u t a t i o n a l   d i f f i c u l t y   i n v o l v e d   i n   p e r f o r m i n g   t h e   m i n i m i z a t i o n  t o  
s o l v e   t h e   c o r ~ t r o l   e q u a t i o n  ( 2 - 1 7 ) ,  c o n s i d e r  a system . w i t h   o n e   i n p u t ,   o n e   o u t -  
p u t ,  arrd t h r e e   s t a t e   v a r i a b l e s ,   w i t h   e a c h   v a r i a b l e   q u a n t i z e d   i n t o   t e n   l e v e l s .  
11' we c h o o s e  t o  s p e c i f y  t h e  c o n t r o l   a s  a f u n c t i o n   o f   t h e   p r e v i o u s   i n p u t s  
a n d   o u t p u t s ,   t h e n  a t  time k = 15 w e  m u s t  s e l e c t  o n e   o f   t e n   l e v e l s   f o r   e a c h   o f  
t h e  1 0 ' '  1 0 "  = l o 3 '  v a l u e s  o f  t h e  a r g u m e n t .  
On t h e   o t h e r   h a n d ,   s u p p o s e  we c h o o s e   t o   s p e c i f y   t h e   c o n . t r o 1  a s  a f u n c t i o n  
of'  t h e   p r o b a b i l i t y   u e n s i t y .  A t  a g i v e n  t i m e ,  t h e  sys tem may b e   i n   a n y   o n e   o f  
l o 3  s t a t e s .  Now s u p p o s e   t h e   p r o b a b i l i t i e s   a r e   q u a n t i z e d   i n t o   e l e v e n   u n i f o r m  
l e v e l s   b e t w e e n  0 a n d  1. S i n c e   t h e   t o t a l   p r o b a b i l i t y   m u s t   b e  1, t h e r e  a r e  t e n  
lumps o f  p r o b a b i l i t y   0 . 1 ,   e a c h   l u m p  of  w h i c h   c a n   b e   a s s i g n e d  t o  o n e   o f   t h e  l o 3  
s t a t e s .   T h e r e f o r e ,   t h e r e   a r t :  ( 1 0 3 ) ' / 9 !  = 1 0 2 1 ' 5  d i f f e r e n t   p o s s i b l e   p r o b a b i l -  
i t y  d i s t r i b u t i o n s .  
T h u s ,  we h a v e   c o m e   u p   a g a i n s t   h e   " c u r s e   o f   d i m e n s i o n a l i t y " ,   w h i c h   p l a g u e s  
a l l   n u m e r i c a l   o p t i m i z a t i o n s   ( r e f .   1 7 ) .   E v e n   i f   t h e  s t a t e s  a r e   x a c t l y   m e a s u r -  
a b l e ,  we m u s t   s p e c i f y  a c o n t r o l  f o r  e a c h  o f  l o 3  p o s s i b l e   s t a t e s ;   b u t   i n   t h e  
c o m b i n e d   p r o b l e m ,  we a p p e a r   t o   b e   c u r s e d  tw ice .  B e c a u s e   o f   t h e   o b v i o u s   i m p o s -  
s i b i l i t y   o f   c a l c u l a t i n g   e x a c t   s o l u t i o n s ,   a p p r o x i m a t e   t e c h n i q u e s   m u s t   b e   f o u n d .  
Two b r o a d   p o s s i b i l i t i e s   e x i s t :   t o   d i v i d e   t h e   p r o b l e m   i n t o   s e v e r a l  s m a l l e r  
p r o b l e m s  ( ~ . e . ,  t o   p a r t i t i o n   t h e   s t a t e s ) ,  o r  t o   r e d u c e   t h e   n u m b e r   o f  s t a t e  
v a r i a b l e s   u s e d   i n   c o m p u t a t i o n .  
I f  we b a s e   t h e   c o n t r o l s   o n   t h e   p r e v i o u s   o u t p u t s   a n d   i n p u t s ,  a r e a s o n a b l e  
a p p r o a c h  i s  t o  u s e   o n l y   t h e   p a s t   f e w   o u t p u t s   a n d   i n p u t s .   I n   t h e   a b o v e   e x a m p l e ,  
i f  we r e s t r i c t  o u r   c o m p u t a t i o n s   t o   t h e   p a s t   t h r e e  time i n c r e m e n t s ,   t h e   n u m b e r  
o f  a r g u m e n t s  f o r  w h i c h  a c o n t r o l   m u s t   b e   c a l c u l a t e d  i s  l o 3  - 10' X l o 6 .  
A r e a s o n a b l e   a p p r o x i m a t i o n  t o  c o n t r o l   b a s e d   u p o n  t h e  c o n d i t i o n a l   p r o b a b i l -  
i t y  d i s t r i b u t i o n  i s  c o n t r o l   b a s e d   u p o n   t h e   f i r s t   f e w   m o m e n t s   o f   t h i s   d i s t r i b u -  
t i o n .   I f   t h e   c o n t r o l  i s  b a s e d   o n   t h e   c o n d i t i o n a l   m e a n ,   t h e n   t h e r e  a r e  o n l y  
l o 3  a r g u m e n t s   f o r   w h i c h   c o n t r o l s   m u s t   b e   c a l c u l a t e d  a t  e a c h  time i n  o u r  
e x a m p l e .  However,  t h e  c o n d i t i o n a l  mean c o n t a i n s   n o   i n f o r m a t i o n   a b o u t   h e  
u n c e r t a i n t y ;   t h u s ,  w e  w o u l d   n o t   e x p e c t   t h e   d u a l - c o n t r o l   a s p e c t  t o  a r i s e  f o r  
t h i s   a p p r o x i m a t i o n .   T h e   c o n d i t i o n a l   v a r i a n c e   c o n t a i n s   i n f o r m a t i o n   a b o u t   h e  
u n c e r t a i n t y ;   i n  o u r  e x a m p l e ,   u s e  o f  c o n d i t i o n a l  m e a n   a n d   v a r i a n c e   y i e l d s  
l o 3  . l o 6  = l o 9  a r g u m e n t s .   C o n d i t i o n a l   e n t r o p y  i s  a m e a s u r e   o f   u n c e r t a i n t y  
w h i c h  may b e   e a s i l y   c a l c u l a t e d   f r o m   t h e   c o n d i t i o n a l   p r o b a b i l i t i e s ;   w i t h   t h e  
c o n d i t i o n a l  m e a n   a n d   u n c e r t a i n t y ,  we h a v e  l o 3  1 0  = l o '  a r g u m e n t s   f o r   t h e  
examp le .  
D .  BOUNDS ON PERFORMANCE 
U p p e r   a n d  lower b o u n d s   u p o n   t h e   m i n i m u m  c o s t  i n  a g i v e n   c o m b i n e d   o p t i m i z a -  
t i o n   p r o b l e m  may be c a l c u l a t e d  by s o l v i n g   r e l a t e d   b u t   s i m p l e r   c o m b i n e d   p r o b l e m s .  
For t h e   g i v e n   p l a n t   a n d   d i s t u r b a n c e s ,   i f  J a i n  i s  t h e  minimum c o s t  w i t h  a p e r -  
f e c t   m e a s u r e m e n t  sys t em,  J , ,  i s  t h e  minimum c o s t  w i t h   n o   m e a s u r e m e n t  s y s t e m ,  
a n d  J t h e   c o s t   w i t h   t h e   a c t u a l   m e a s u r e m e n t   s y s t e m   t h e n  
J a i n  I J I J, ,  ( 5 - 4 3 )  
T h e s e   i n e q u a l i t i e s   h o l d   b e c a u s e   t h e   s m a l l e r  m e m b e r   o f   e a c h   r e l a t i o n  i s  o b t a i n e d  
w h e n   i n f o r m a t i o n   d i s r e g a r d e d  by t h e   l a r g e r  member i s  u s e d ;   u s e   o f   a d d i t i o n a l  
i n f o r m a t i o n   o p t i m a l l y   c a n n o t   d e g r a d e   p e r f o r m a n c e .   ( O f   c o u r s e ,   n o n o p t i m a l   u s e  




T h e   c o m b i n e d   o p t i m i z a t i o n   p r o b l e m - t h e   p r o b l e m   o f   c o n t r o l l i n g  a r a n d o m l y  
d i s t u r b e d  p l a n t  o n  t h e  b a s i s  o f  i n c o m p l e t e  k n o w l e d g e  o f  t h e  s t a t e  o f  t h e  p l a n t -  
r e q u i r e s   t h e   s o l u t i o n   o f  two i t e r a t i v e   e q u a t i o n s :   t h e   e s t i m a t i o n   e q u a t i o n   w h i c h  
u p d a t e s  t h e  c o n d i t i o n a l  p r o b a b i l i t y  d e n s i t y  o f  t h e  s t a t e  o f  t h e  p l a n t  a n d  t h e  
c o n t r o l   e q u a t i o n   w h i c h   y i e l d s   t h e   o p t i m a l   i n p u t  a s  a f u n c t i o n   o f   t h i s   d e n s i t y .  
A c o m p l e t e   s o l u t i o n  t o  t h e   c o m b i n e d   o p t i m i z a t i o n   p r o b l e m   e x i s t s   i f   t h e  
system i s  l i n e a r ,   i f   t h e   c o s t s   a r e   q u a d r a t i c ,   a n d   i f   t h e   r a n d o m   d i s t u r b a n c e s  
a r e  G a u s s i a n .   I n   t h i s   c a s e ,   t h e   s o l u t i o n   o f   t h e   c o n t r o l   a n d   e s t i m a t i o n   e q u a t i o n s  
r e d u c e s  t o  f i n d i n g   t w o   m a t r i c e s   b y   s o l v i n g   d u a l   m a t r i x   d i f f e r e n c e   e q u a t i o n s .   O p -  
t i m u m   e s t i m a t i o n   r e d u c e s   t o   t h e   c a l c u l a t i o n   o f   t h e   c o n d i t i o n a l  m e a n   o f   t h e   s t a t e ,  
a n d   o p t i m u m   c o n t r o l  i s  a l i n e a r   f u n c t i o n   o f   t h i s   c o n d i t i o n a l   m e a n .   T h e   c o s t  i s  
t h e  sum o f  two p a r t s :  a t r a n s i e n t   c o s t   d u e   t o   i n i t i a l   c o n d i t i o n s   a n d   a n   o p e r -  
a t i n g   c o s t .   T h e  c o s t  48, o f   o p e r a t i n g   f o r   k t h  t ime i n t e r v a l   f u r t h e r   b r e a k s  down 
t o  t h e  sum o f  a c o s t   d u e  t o  d i s t u r b a n c e s   a n d  a c o s t   d u e   t o   u n c e r t a i n t y   a b o u t   t h e  
s t a t e :  
np, = t r  [PQ + P*VI h ( 6 - 1 )  
h 
w h e r e  Q i s  t h e   c o v a r i a n c e   m a t r i x   o f   t h e   d i s t u r b a n c e ,  V i s  t h e   c o v a r i a n c e   m a t r i x  
o f  t h e  e s t i m a t o r  e r r o r  a n d  P a n d  P* a r e  m a t r i c e s  f o u n d   i n   s o l u t i o n   o f   t h e   c o n t r o l  
e q u a t i o n .  
B e c a u s e  i t  p r o v i d e s   t h e   o p t i m a l   m e t h o d   o f   u s i n g   i n f o r m a t i o n   g a t h e r e d  by 
s e n s o r s   a n d   b e c a u s e  i t  g i v e s   t h e   o p t i m a l   e x p e c t e d   p e r f o r m a n c e ;   t h e   c o m b i n e d  
o p t i m i z a t i o n   p r o b l e m  i s  a n a t u r a l   f r a m e w o r k   f o r   c o n s i d e r i n g  a v a r i e t y   o f   i m p o r -  
t a n t   c o n t r o l   p r o b l e m s - i n   p a r t i c u l a r   t h e   p r o b l e m   o f   d e t e r m i n i n g   t h e   e f f e c t s   o f  
i n f o r m a t i o n - h a n d l i n g   c o m p o n e n t s   o n   s y s t e m   p e r f o r m a n c e .   F e e d b a c k   c o n t r o l  i s  
n e c e s s a r y   b e c a u s e   o f   i n c o m p l e t e  a p r i o r i  k n o w l e d g e   a b o u t   t h e  s t a t e  o f   t h e   p l a n t .  
. S i n c e   r e d u c t i o n   o f   s u c h   u n c e r t a i n t y  by  means o f  m e a s u r e m e n t ,   f i l t e r i n g ,   a n d   c o n -  
t r o l  a c t i o n  i s  n o t   w i t h o u t  c o s t ,  i t  i s  d e s i r a b l e   t o   d e t e r m i n e  how c o m p l i c a t e d  
i n f o r m a t i o n   g a t h e r i n g   a n d   p r o c e s s i n g   m u s t   b e   f o r   a d e q u a t e   c o n t r o l .   C o m b i n e d  
o p t i m i z a t i o n   t h e o r y   c o n s i d e r s   b o t h   t h e   d i f f i c u l t y   o f   g a t h e r i n g   i n f o r m a t i o n   a n d  
t h e   v a l u e ,   i n  terms o f   i m p r o v e d   p e r f o r m a n c e ,  o f  t h e   i n f o r m a t i o n   g a t h e r e d ;  i t  
t h e r e f o r e   p r o v i d e s  a s t a n d a r d   f o r   c o m p a r i n g   a l t e r n a t i v e   s y s t e m s .  
57 
I n  t h e   l i n e a r   c a s e  P *  t e l l s   w h i c h  s t a t e  v a r i a b l e s   n e e d   t o   b e  known a c c u -  
r a t e l y   a n d  P i n d i c a t e s   w h i c h   s t a t e   v a r i a b l e s   a r e   m o s t   s e n s i t i v e   t o   d i s t u r b a n c e s  
F u r t h e r m o r e  t h e  o p t i m u m   e s t i m a t o r   f o r   t h i s c a s e ,  t h e  K a l m a n   f i l t e r ,  i s  no   more  
complex  t h a n  t h e   p l a n t   t o   b e   c o n t r o l l e d .  
T h e   g e n e r a l   n o n l i n e a r   c o m b i n e d   o p t i m i z a t i o n   p r o b l e m  i s  c o n s i d e r a b l y   m o r e  
c o m p l i c a t e d  t h a n  t h e  l i n e a r   c a s e   b e c a u s e   o f   t h e   n e c e s s i t y   t o   c o m p r o m i s e   t h e  
c o n t r o l  a c t i o n  b e t w e e n  t h e  p u r p o s e s   o f   g a i n i n g   i n f o r m a t i o n   a n d   t a k i n g   t h e   p l a n t  
t o  a d e s i r e d   s t a t e .  E x a c t  s o l u t i o n   o f  t h e  p r o b l e m  i n  a l l  b u t   s i m p l e   c a s e s  i s  
i m p o s s i b l e   b e c a u s e   o f  t h e  e x t r e m e l y   l a r g e   d i m e n s i o n   o f  t h e  p r o b l e m .  
S u i t a b l e   a p p r o x i m a t i o n s   c a n  sometimes r e d u c e   t h e   e f f e c t i v e   d i m e n s i o n   o f  a 
c o m b i n e d   o p t i m i z a t i o n   p r o b l e m  t o  t h e   d i m e n s i o n   o , f   t h e   c o r r e s p o n d i n g   o p t i m a l  
c o n t r o l   p r o b l e m  i n  w h i c h   t h e   s t a t e  i s  a s s u m e d   t o   b e   e x a c t l y   m e a s u r a b l e .   R e s e a r c h  
o n  t h e s e  s u i t a b l e  a p p r o x i m a t i o n s  i s  a n  i m p o r t a n t   t a s k   w h i c h   s h o u l d   b e   t a k e n  i n  
t h e  i m m e d i a t e   f u t u r e   b e c a u s e   e x o r c i z i n g  t h e  d e m o n   b e h i n d   t h e   “ c u r s e   o f  
d i m e n s i o n a l i t y ”  i s  n e c e s s a r y  i f  p r a c t i c a l   r e a l i z a t i o n   n o t   o n l y   o f   c o m b i n e d  
o p t i m a l   s c h e m e s ,  b u t  e v e n  o f  c l a s s i c a l   o p t i m a l   c o n t r o l   s c h e m e s ,   a r e   t o   b e  
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A P P E N D I X  A 
IDENTITY  INVOLVING  EXPECTATION 
S u p p o s e   t h a t  we w i s h  t o  f i n d   t h e   e x p e c t e d   v a l u e  o f  some f u n c t i o n  F ( x )  o f  
t h e   r a n d o m   v a r i a b l e  x a n d   t h a t  y i s  a s e c o n d   r a n d o m   v a r i a b l e .   T h e n   t h e   f o l l o w  - 
i n g   i d e n t i t y   h o l d s   ( r e f .  1 8 ) :  
I f  t h e   n e c e s s a r y   p r o b a b i l i t y   d i s t r i b u t i o n s   e x i s t ,   t h i s   r e l a t i o n  may b e   p r o v e d  
a s  f o l  lows: 
b u  t 
and  from B a y e s ’ s   r u l e  
E { F ( x ) )  = J Z F ( x ) p ( x ) c i x  . 
X 
S u b s t i t u t i o n   o f  ( A - 3 )  a n d  ( A - 4 )  i n  ( A - 2 )  y i e l d s  
F i n a l l y ,   o n   i n t e r c h a n g e   o f   i n t e g r a t i o n s  










1.  LINEAR CONTROL 
S u p p o s e   a s s u m p t i o n s  1 and 2 g i v e n   i n  Sec .  1 1 1 - A   a r e   t r u e .  Then  
H e n c e  
n n  
b u t  
E { x i , x j )  = E { x i ) E { x j )  + E [ ( x i  - E { x i ) ) ( x j  - E { x j ) ) I  ; 
t h e r e f o r e ,  i f  
- 
x = E { x )  
a 
( B - 4 )  b e c o m e s  
n n  
E { z T Q x )  = 
-  
w h e r e   t r  [A] s t a n d s  for  t r a c e  
- 
x T Q x  + 1 5 Q i j V i  
i = 1  j - 1  
o f  A ( i . e . ,  sum of d i a g o n a l   t e r m s )  
M a k i n g   u s e  o f  ( B - 6 ) ,  w e  may r e w r i t e  ( B - 1 )  a s  
I 
It is obvious that u, = 0 and 
Since T * ( * , N )  is quadratic i n  x and since the system is linear and cost 
- 
N/N- 
quadratic, I ( . , k )  will be quadratic in x ~ , ~ .  Hence,  we may write 
b, = tr [Q,V,] . (B-11) 
When ( B - 9 )  is substituted  in  recursion  relation (2-17): 
E t x k + l  T P  k + l x k + l / z k + l , u k }  = x k t l / k t l   k t l X k + 1 / k + 1  ' t r - p k + l V k + l l  ' T P - (B-131 
and from ( A - 6 ) ,  ( 3 - l ) ,  and (3-4b) 
Therefore, 
66 
where  Gk is 
From ( B - 1 7 ) ,  i t  i s  c l e a r   t h a t  t h e  o p t i m u m   c o n t r o l  i s  g i v e n  by 
U k  = - ' k X k / k  I ( B - 1 9 )  
a n d  
( B - 2 1 )  
2 .  L I N E A R   E S T I M A T I O N  
S u p p o s e   a s s u m p t i o n s  1 a n d  3 of Sec. 1 1 1 - A  h o l d ,   t h e n   a l l   c o n d i t i o n a l   p r o b -  
a b i l i t i e s  w i l l  b e   G a u s s i a n .   F r o m   t h e   s t a t e   q u a t i o n   ( 3 - 1 )  
( B - 2 2 )  
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( B - 2 5 )  
H e n c e ,  t h e  n u m e r a t o r  a o f   ( 2 - 2 6 )  i s  
C o m p l e t i o n   o f  t h e  s q u a r e   o n  x k + l  y i e l d s  
From ( 2 -  2 6 )  
( B -  30) 
( B -   3 1 )  
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B u t   s i n c e   t h e   f i r s t   e x p o n e n t i a l   i n   ( 8 - 2 7 )  i s  j u s t ,  a p r o b a b i l i t y   d i s t r i L u L i o r 1  
e x c e p t   f o r  a c o n s t a n t   a n d   s i n c e   t h e   o t h e r   e x p o n e n t  i s  i n d e p e n d e n t ,   o f  x k + l :  
- 
T h e   i n i t i a l   c o n d i t i o n s  x , / ,  a n d  V ,  a r e   c a l c u l a t e d  a s  f o l l o w s :  From ( 2 - 2 7 )  
a n d   ( 3 - 4 9 )  
T h e r e f o r e ,  
( 3 - 3 5 )  
( I3 -36)  
T h e r e f o r e  by u s e  o f   ( B - 2 8 ) ,   ( B - 2 9 ) ,   a n d   ( B - 3 0 ) ,   t h e   c o n d i t i o n a l   p r o b a -  
b i l i t y   d i s t r i b u t i o n  may b e   u p d a t e d .  Note t h a t  V k  a n d  K k  c a n   b e   c a l c u l a t e d  
a priori, a n d   o n l y  x n e e d   b e   g e n e r a t e d   i n   r e a l  time. E q u a t i o n   ( B - 2 9 )   r e p -  
r e s e n t s  a l i n e a r   s y s t e m   f o r   u p d a t i n g   t h e   c o n d i t i o n a l   m e a n  x k l k ,  w h i c h   i n   f a c t ,  
i s  t h e   K a l m a n   F i l t e r .  
- 
h / k  - 
3.   DUALITY  PRINCIPLE 
T h e   d u a l i t y   p r i n c i p l e   ( r e f .  4 )  i s  j u s t   r e c o g n i t i o n   a t h a t   i n   t h e   l i n e a r   c a s e  
t h e   c o n t r o l   p r o b l e m  i s  e q u i v a l e n t   m a t h e m a t i c a l l y  to t h e   e s t i m a t i o n   p r o b l e m .  
E q u a t i o n s   ( B - 2 9 )   a n d   ( B - 3 0 ) ,   w h i c h   g o v e r n   e s t i m a t i o n ,   d o   n o t   a p p e a r   s i m i l a r   t o  
( B - 2 0 )   a n d   ( B - 1 9 ) ,   w h i c h   g o v e r n   c o n t r o l   b e c a u s e   o f   t h e   f o r m u l a t i o n   o f   t h e   c o m -  
b i n e d   o p t i m i z a t i o n   c h o s e n .  
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I n  t h e  g i v e n   f o r m u l a t i o n ,  i t  was a s s u m e d   t h a t  t h e  p r e s e n t   m e a s u r e m e n t ,  i s  
a v a i l a b l e  f o r  u s e   i n   d e t e r m i n i n g   t h e   p r e s e n t   c o n t r o l ;   a n   a l t e r n a t r ?   f f J r m u I e ~ i r J r t  
$ \ O I I I ~  h a v e  L h c t  a s s u m p t i o n   t h a t  t h e  p r e s e n t   m e e s u r e r n c n t  is n o t   a v a i l a b l c :  u n t i  J 
t h r  n e x t  g . o l l t  r o l .  Such  a f o r m u l a t i o n   w o u l d  h a v e  g i v e n   t h e   e s t i m a t i o n   r e s u l t  
f o r  t h e  l i n e a r  c a s t '  i n  d u a l   f o r m ;   h o w e v e r ,   t h e   g i v e n   f o r m u l a t i o n   w a s  chosen be- 
c a u s e   t h e   a l t e r n a t e   f o r m u l a t i o n  i s  a s p e c i a l   c a s e   o f  t h e  g i v e n   f o r m u l a t i o n .  
'rhe a s s u m p t i o n   t h a t  t h e  m e a s u r e m e n t  is n o t   a v a i l a b l e  u n t i l  t h e   n e x t   t i m e   c a n  be 
h a n d l e d  i n  t h e  g i v e n   f o r m u l a t i o n  by a u g m e n t i n g   t h e   s t a t e   v a r i a b l e s   a n d   u s i n g  
t t l e  a d d i t i o n a l  s t a 1 . e   v a r i a b l e s   t o   d e l a y   t h e   m e a s u r e m e n t s .  
The C . U S L  o f  g r e a t e r   g e n e r a l i t y  i n  f o r m u l a t i o n  i s  g r e a t e r   d i f f i c u l t y  i n  d e -  
r i v i n g   t h e   d u a l i t y   p r i n c i p l e .   T h e   a b o v e   d i s c u s s i o n   s u g g e s t s   t h a t  we r e p l a c e  
V k , A t h e   c o v a r i a n c e   o f   t h e   p r e s e n t   s t a t e   g i v e n   a l l   i n f o r m a t i o n   u p   t o   t h e   p r e s e n t ,  
by Pk d e f i n e d  to be  t h e  c o v a r i a n c e  o f  t h e  n e x t   s t a t e   g i v e n   a l l   i n f o r m a t i o n  up t o  
t h e  p r e s e n t .  Pk and  V k  a r e   r e l a t e d  by A 
jk = A,V,A; + 6, 
I f  ( B - 3 7 )  i s  s u b s t i t u t e d   i n t o   ( B - 2 8 ) :  
A 
= Pi '  + c;+lA;:lck+l 
w h i c h   w h e n   i n v e r t e d *   y i e l d s  
( B - 3 7 )  
(B- 38  1 
Use o f  ( B - 3 7 )  a s e c o n d   t i m e   y i e l d s  
B A T  - A  b C T  (C b C T  
h 
'kt1 = d k + l  + 'k+l k k + l   k + l  k k + l   k + l  k k + l  + Rk+l)-lck+l'hAi+l (B-40) 
I f  ( B - 3 9 )  i s  s u b s t i t u t e d   i n t o  ( B - 3 0 )  
(B-41) 
7 0 
The  quantity 
This  last  trick is nothing  more  than  putting  expression (B-41) over a common 
denominator. 
4. CALCULATION OF J 
From (2-14) and (B-9) the  minimum  cost J o  in  the  linear  case is given by 
J0 = EtI(To,o, 0 , >  - EtG; ,oP,xo ,o  -t b o )  (B-44) - 
where 
and  where Pk and b k  are  given  by (B-20) and (B-21). 
A 
Since Q k ,  V k ,  P k ,  and Qk are  independent o f  Zk and Uk then (B-21) b k  will 
be  independent  of  these  quantities if b k + l  is.  But  this  is  true f o r  b,; hence, 
it  is  true by induction f o r  all b k ,  and (B-21) may  be  rewritten 
and 
(B-45) 
(6-  46 
( 8 - 4 7 )  
7 1  
t h e n  
Use o f  t h e   i d e n t i t y   ( B - 6 )   o n   t h e   e x p e c t e d   v a l u e   o f  a q u a d r a t i c   f o r m  A ,  
r e s u l t s  i n  
N 
J o  = E I E { x ~ P o x o / z o ) I  + 1 wk 
k = l  
and  u s e  o f  t h e  i d e n t i t y  o n  c o n d i t i o n e d   e x p e c t a t i o n s   p r o v e n  i n  A y i e l d s  
N N 
J "  = ~ { x i ~ ~ x ~ )  + z wk = x i ~ ~ n ~  + t r  [P ,v ] + I ~b~ "
k = l  k = l  
w h e r e   f o l l o w i n g  t h e  m o t a t i o n   g i v e n  i n  S e c .  I11 
- 
n o  = E { x , )  
v = E { n ; n o )  . 
R e w r i t i n g   ( B - 4 7 )   w i t h  t h e  a i d   o f   t h e   i d e n t i t y  
t r [AB] = t r  [EA] , 
A 
' P k  = t r  [ p k + l Q ,  ' P ; + I V , I  , 
p ; + l  
A 
= Q, + A ; P ~ + ~ A ,  - P ,  . 
Now l e t  u s   c a l c u l a t e   t h e   c o s t  J f o r  t h e  s i t u a t i o n  p i c t u r e s  i n  f i g .  
w e  h a v e  
w h e r e  
( B - 4 9 )  
( B - 5 0 )  
( B - 5 1 )  
( B - 5 2 )  
( B - 5 3 )  
111-1, 
b u t   w h e r e  G, and  K k  a r e   n o t   n e c e s s a r i l y   o p t i m u m .   B e f o r e   a c t u a l l y   c a l c u l a t i n g  J ,  
e s t i m a t i o n  i s  c o n s i d e r e d .  
I t  i s  c o n v e n i e n t   t o   d e f i n e  
cu 
X k  = X k  
A - 
' 
( B - 5 4 )  
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S i n c e  u ,  a n d  auk h a v e   z e r o   m e a n ,  i t  f o l l o w s   t h a t   i f  x. = x o , o  t h e n  Ef;o/ro) = 0, 
a n d  
h - 
'{'k/Zk>uk-l} = 0 
or  
H e n c e   t h i s   s u b o p t i m a l  e s t i m a t e  i s ,  l i k e   t h e   o p t i m a l   e s t i m a t e ,   u n b i a s e d ;  i t  w i l l  
h o w e v e r   h a v e  a g r e a t e r  v a r i a n c e ;  
t h a n   t h e   o p t i m a l   e s t i m a t e .  
T o   f i n d  V ,  w e  t a k e   a n   a p p r o a c h   a n a l o g o u s   ( b u t   d u a l )  t o  t h a t   u s e d   f o r   s u b -  
o p t i m a l   c o n t r o l   i n   S e c .  1 1 1 - C .  L e t   ( B - 5 5 )   d e s c r i b e  a s y s t e m   w h o s e  s t a t e  i s  t o  
b e   e s t i m a t e d   b u t   f o r   w h i c h   n o   o u t p u t   e x i s t s ,  i . e . ,  f o r  w h i c h   t h e   m e a s u r e m e n t  
e q u a t i o n  i s  g i v e n   b y  
- 
-u 
2 ,  = c,;, + v ,  , 
" 
% 
w h e r e  
-2 
c , = o .  
T h e   s i t u a t i o n  i s  shown i n   f i g .   B - 1 .   S i n c e   t h e   c o n d i t i o n a l  mean o f  x ,  i s  z e r o ,  
t h e   v a r i a n c e   e q u a t i o n   ( B - 2 8 )   c a n   b e   u s e d  t o  c a l c u l a t e  V , :  
-u 
A 
w h e r e  
a n d  so 
( B - 6 0  
- - 
x .  = x .  - x .  + K o b o  - Coxo) ( B - 6 2 )  
We now r e t u r n  t o  t h e   c o m b i n e d   p r o b l e m .   T h e   s y s t e m   s h o w n   i n   f i g .  1 1 1 - 1  c a n   b e  
d e s c r i b e d  i n  terms o f  t h e  s t a t e  v e c t o r  
7 3  
'\. 
, x k  X k  - X k  
r"-------- 1 
( 8 - 6 4 )  
I I 
PLANT L """"" J 
rb-11237-24 
FIG. B-1 SUBOPTIMAL ESTIMATION 
T h e   s t a t e   e q u a t i o n   f o r   t h e  s y s t e m  may b e  f o u n d  by i n s p e c t i o n   o f   f i g .  1 1 1 - 1  t o   b e  
where  
T h e   s t a t i s t i c s   o f  gk a r e  
n 
Qk = E{wkgi) = 
' A k  - BkGk - B k G k  
0 ( I  - K k + l C k + l ) A k  I 
~ K k + l ( C k + l w k  t ' k + l )  - w k  
( B - 6 6 )  
( B - 6 7 )  
( B - 6 8 )  
We w i s h  t o   c a l c u l a t e  t h e  p e r f o r m a n c e  o f  t h i s  s y s t e m  w i t h  c o s t  
( B - 6 9 )  
where  
To p e r f o r m  t h i s  c a l c u l a t i o n ,  we a s s u m e  t h e  s y s t e m  i s  a p l a n t   t o  b e  c o n t r o l l e d  




-0 v =  
and 
( N o t e  P i  0 )  
”T - N 
J = -0-0-0 x P x + t r  [ ~ J ~ V ~ I  + 1 AQk 
k = l  
w k + l  = t r  [Pk+lQkl . 
C o n s i d e r   f i r s t  ( B - 7 2 ) .  P a r t i t i o n i n g  
“L 
= r k  ‘T2, k 
‘12, k 
‘2.  k 1 
( B - 7 1 )  
( B - 7 4 )  
( B - 7 5 )  
( B - 7 6 )  
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I 
and substitution into (8-72) gives ( i f  Lhe o p t i m u m  valur: = 0 is (:hosen) 
Comparing ( 8 - 7 9 )  with (3-35) we  note  that 
2/ 
'1, k = Pk . 
The  optimum C k  satisfies 
hence, i f  optimum  control is used 
'12, k = - B k C k ) T P 1 2 , k + l ( '  - K k + l C h + l )  ( B - 8 4 )  
But  since P, 2 ,  = 0 ,  (B-84) implies  that  for  optimum  control 
Substitution of the partitioned and Q from ( B - 7 6 )  and ( B - 6 8 )  into ( E - 7 5 )  
yields 
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( B - 9 0 )  
I f  
77 
( 8 - 9 4 )  can be wr i t t en  
where 
I f  the  w k ' s  are summed  we g e t  
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I 
S i n c e  - 
v, = ( I  - K,C,)V(I - K,C,)' + K , R , K - , ,  T , ( B -   1 0 0 )  
w e  h a v e  
T h e r e f o r e  
",- -'cI N 
J = z;P,~, + t r  [P,v,I + Z W k  . ( 8 - 1 0 2 )  
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